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Introduction

The aim of the dissertation is to improve the reproduction of ocean dynamics by modern
numerical models with the help of “subgrid” parameterizations of mesoscale eddies.
Below we describe the main properties of oceanic flows in the mesoscale range, their
close connection with model problems of quasi-two-dimensional turbulence, and we
review approaches to constructing LES (Large Eddy Simulation, [9]) parameterizations
of subgrid quasi-two-dimensional turbulence.

Oceanic flows are characterized by a wide range of scales that interact with each
other in a nonlinear way. Over a large interval of spatial scales, from the planetary scale
(thousands of kilometres) down to the scale equal to the fluid depth (several kilometres),
the flows can be considered quasi-two-dimensional (i.e. vertical velocities are small
comparedwith horizontal ones). This property allows the dynamical equations of global
ocean models to be formulated under the hydrostatic approximation. Interaction with
smaller scales (a few tens of metres) in such models is represented by RANS (Reynolds-
Averaged Navier–Stokes, [9]) parameterizations of three-dimensional turbulence in the
boundary layers near the surface and the bottom.

Quasi-two-dimensional flows in the ocean differ in their properties depending on
the horizontal scale under consideration. On the planetary scale, wave dynamics pre-
dominates, characterized by fast inertia–gravity waves which are responsible for the
formation of tides and play a key role in the formation of tsunamis. Another manifes-
tation of wave dynamics is the western intensification of currents and the formation of
gyres caused by wind stress (the Stommel and Munk problems [10], in which the key
role is played by the effect of differential rotation that generates Rossby waves).

These wave motions suppress nonlinear interactions on large scales as follows.
From the planetary scale down to about 100 km the slow component of the dynamics
(excluding the fast inertia–gravity waves) can be considered geostrophically balanced,
i.e. there is an approximate balance between the pressure gradient and the Coriolis force.
For these flows one can perform an asymptotic expansion of the dynamical equations in

the Rossby number (Ro =
U

Lf
, where U and L are characteristic velocity and horizon-

tal scale, f is the Coriolis parameter), the result being the quasi-geostrophic equations
[11]. The nonlinear dynamics in these equations depends on the barotropic Rossby de-

formation radius (L0 =

√
gH

f
, where g is the gravitational acceleration and H is the



6

fluid depth), which for the ocean at mid-latitudes is L0 ≈ 2000 km. If the scale of
the flow is much smaller than L0 (L ≪ L0), then the single-layer quasi-geostrophic
equations are equivalent to the equations of a two-dimensional incompressible fluid; in
the opposite case (L ≫ L0) the nonlinear interactions become negligible [10]. Rossby
waves also weaken nonlinear interactions on large scales, and the associated Rhines

scale (Lrh =

√
U

β
, where β is the meridional gradient of the Coriolis parameter) is

the scale at which jet currents form [12]. For the mid-latitude ocean the Rhines scale is
usually about 300 km and corresponds to the maximum of the spectral density of kinetic
energy [13].

The smallest quasi-two-dimensional flows correspond to the submesoscale range
(1–100 km, [14]). Such flows are characterized by the predominance of nonlinearity
over wave dynamics, which is expressed by large Rossby numbers (Ro > 1) and by
the breakdown of geostrophic balance. In the submesoscale range an asymptotic ex-
pansion in the Rossby number is not possible, which means that such flows cannot be
regarded as a two-dimensional incompressible fluid. A decisive role in the dynamics
of submesoscale processes can be played by nonlinear interaction with inertia–gravity
waves [15].

Thus, in the mid-latitude ocean there exists a range of scales, 100–300 km, in
which the dynamics is strongly nonlinear and obeys the laws of geophysical quasi-
two-dimensional turbulence [16]. The eddies corresponding to this range are called
mesoscale and contain the greater part of the kinetic energy of the ocean [10]. Mesoscale
eddies play a significant role in the formation of the general ocean circulation: they
perform turbulent mixing of scalars and momentum; they take part in the conversion
of available potential energy into kinetic energy, in the formation of nonlinear interac-
tions between scales (the energy cascade), in the formation of decadal variability, and
they can accelerate mean currents [17]. Below we describe how geophysical quasi-
two-dimensional turbulence is organized, using the single-layer and two-layer quasi-
geostrophic equations as examples.

The theoretical description of forced two-dimensional homogeneous turbulence
was developed in the works [18—20] (Kraichnan–Leith–Batchelor, KLB). It is assumed
that the external forcing has a fixed spatial scale set by the wavenumber kf , and that
there is no dissipation at this scale. In this case two inertial ranges are formed in Fourier
space on either side of the forcing scale, along which energy is transferred to large scales
and enstrophy to small scales; an expression for the equilibrium kinetic-energy spectrum
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is known:

E(k) =

{
C1ε

2/3k−5/3, k < kf (1а)

C2η
2/3k−3, k > kf , (1б)

where an approximate value C1 ≈ 6 is known for the constant C1 [21], and ε and η are
the energy and enstrophy fluxes along the corresponding inertial ranges. If one assumes
that the external forcing is provided by baroclinic instability, then this model problem
is directly relevant to mesoscale turbulence.

A theoretical description of homogeneous two-dimensional turbulence based on
the two-layer quasi-geostrophic equations is given in [22]. The flow is decomposed
into two components: the vertical average (barotropic mode) and the deviation from
the average (baroclinic mode). Owing to the thermal-wind relation [10], the vertical
shear of velocity in the geostrophically balanced part of the spectrum is always related
to the horizontal density gradient, i.e. to the slope of isopycnal surfaces. Thus the baro-
clinic mode contains both potential and kinetic energy, and the ratio between them is

determined by the internal Rossby deformation radius LR =
NH

πf
, where N is the

Brunt–Väisälä frequency. At mid-latitudes LR = 10–50 km [13]. In large-scale baro-
clinic flows, L > 2πLR, potential energy predominates, whereas at small scales kinetic
energy does. According to the theory, it is assumed that on large scales there is a source
of available potential energy caused by the uneven heating of the surface. In addition,
there is a sink of kinetic energy on large scales associated with Rayleigh friction. To
reach equilibrium, potential energy must be converted into kinetic; however, as shown
in [22], direct interaction between the baroclinic and barotropic modes is not possible
on large scales because, asymptotically at large scales, the baroclinic mode is advected
by the barotropic mode as a passive tracer. In particular, this means that there must exist
a direct cascade of baroclinic energy to small scales, which terminates by conversion
of the energy into kinetic near the scale 2πLR. This process is closely connected with
baroclinic instability but is not equivalent to it, since the latter is a linear problem. After
that, an inverse cascade of kinetic energy is observed with subsequent barotropization
of the flow. This process is well described by the single-layer quasi-geostrophic equa-
tions. The mechanism just described is the source of energy of mesoscale eddies and is
usually considered valid also for the primitive equations of the ocean [13].

The numerical models that participated in the previous Coupled Model Intercom-
parison Project (CMIP5) had as their ocean component models with a rather coarse hor-
izontal resolution of the order of 1 degree [23]. Such models do not explicitly reproduce
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mesoscale eddies on the computational grid and are called “non-eddying”. In models
with such a grid step, the effect of subgrid mesoscale eddies on the mean currents and on
the temperature and salinity fields is taken into account by means of horizontal mixing
parameterizations (e.g. isopycnal diffusion, [24]) and the Gent–McWilliams parameter-
ization [25].

In the current CMIP6 programme the resolution of many ocean models has been
increased to 1/4 degree (see Table A1 in [26]). At such a resolution, mesoscale eddies
in mid-latitudes are partially reproduced explicitly. These models are called “eddy-
permitting”. However, in eddy-permitting models the eddy dynamics is substantially
weakened because of low effective spatial resolution and approximation errors of the
numerical schemes. This leads to underestimated values of eddy heat, salt, and mo-
mentum transport (in particular, to a weakening of meridional transports), which in
turn significantly distorts the mean state of the ocean and the sensitivity of the ocean
models to atmospheric forcings. Parameterizations of “subgrid” turbulence designed
for coarse models turn out to be inapplicable (see, e.g., [27], where the applicability
of the Gent–McWilliams parameterization is discussed). To exploit the available spa-
tial resolution effectively, the development and implementation of fundamentally new
“subgrid” closures is required. For example, as the simplest step towards increasing the
effective spatial resolution in modern ocean models, it is recommended [27] to increase
the order of the dissipation operator in the momentum-evolution equation.

From the point of view of how quasi-two-dimensional turbulence is repro-
duced, non-eddying ocean models can be regarded as RANS (Reynolds-Averaged
Navier–Stokes, [9]) models of quasi-two-dimensional turbulence, in which the effect
of mesoscale eddies is represented by the mean Reynolds stress tensor. On the other
hand, eddy-permitting models can be regarded as LES (Large Eddy Simulation, [9])
models, that is, they resolve the turbulent eddy field only partially, while the grid scale
belongs to the inertial enstrophy range. In both cases an eddy-viscosity model can be
used to parameterize the mean effect of explicitly unresolved turbulent fluctuations;
however, it has a negative effect on an LES model, since it smooths the explicitly re-
solved turbulent eddy field near the grid scale, thus lowering the effective resolution of
the model.

The present dissertation is devoted to constructing subgrid turbulence models in-
tended for use in ocean models that partially resolve mesoscale eddies, i.e. belonging to
the LES class. The way of constructing subgrid closures in LES models is well studied
for three-dimensional turbulence [9]; however, the two-dimensional case has received
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much less attention in the literature. In particular, the LES approach must take into
account the essentially nonlocal (in Fourier space) nature of the interactions and the
possibility of energy transfer from small scales to large ones: as shown in [28; 29], the
most energetically important process in two-dimensional turbulence—the inverse cas-
cade of energy—is sustained by interactions with Fourier modes located near the forcing
scale. The presence of numerical discretizations of advection in actual computations is
a separate difficulty when constructing subgrid closures [30]: the discretization plays
the role of an additional “filtering” of the equations of motion.

Numerical discretizations can play a special role in the dynamics of a two-
dimensional fluid at finite spatial resolution. The equations of an ideal two-dimensional
fluid possess a wide class of conservation laws: momentum, energy, vorticity, enstro-
phy, as well as an infinite number of Casimirs (arbitrary powers of vorticity, [31]).
According to the MRS theory (Miller–Robert–Sommeria, [32]), the influence of the
conservation laws for the Casimirs should manifest itself in the formation of large-
scale coherent structures in an ideal fluid. Numerical discretizations of advection can
exactly conserve various sets of the above conservation laws. The Arakawa schemes
[33] make it possible to conserve the first moments of the solution and various sets of
second moments. There also exist discretizations that allow the entire set of Casimirs to
be conserved at the discrete level: the Lagrangian “Hamiltonian particle-mesh method”
[34] and a special form of discrete equations in Fourier space [35]. In [36; 37] it is
shown that the statistically equilibrium states of finite-dimensional approximations of
the equations of an ideal two-dimensional fluid depend on the presence of the conser-
vation law for the third Casimir (vorticity cubed). In [38] the role of discrete analogues
of the conservation laws of the equations of an ideal two-dimensional fluid is shown for
the problem of data assimilation.

In the present dissertation we assume that the role of numerical discretizations of
advection must also be taken into account when constructing subgrid LES parameteri-
zations. In particular, due to the nonlinear nature of the equations, numerical errors can
be present on all scales. Aliasing errors provide an example. Even if numerical errors
are concentrated at small scales, then, as pointed out in [39], these errors can over time
be transferred along the spectrum to large scales by nonlinear interactions. In the case
when the time of such a transfer is shorter than the characteristic time of the energy-
significant processes, the energy distribution along the spectrum can be disturbed. The
presence or absence of conservation laws in the advection scheme can affect the form
of the numerical errors and their distribution across scales.



10

In what follows we will call “subgrid forces” the total contribution of the scales
unresolved by the grid together with the forces that have to be introduced to correct the
approximation errors of the numerical scheme. To construct the subgrid forces explic-
itly, one must perform a computation at high spatial resolution, separate the scales into
resolved and unresolved by means of spatial filtering, and compute their interaction,
as done in [40] for three-dimensional turbulence and in [41] for two-dimensional. The
way of accounting for the numerical discretizations of advection when constructing the
subgrid forces is given in [30]. It is also possible to construct subgrid forces in the case
when the spatial and temporal discretization cannot be performed independently: in [42]
subgrid forces are constructed for a semi-Lagrangian method. Statistical characteristics
of the subgrid forces can be constructed without performing a high-resolution computa-
tion by using EDQNM-type (Eddy-Damped Quasi-Normal Markovian) models for the
subgrid scales [43].

There are many approaches to constructing LES parameterizations in two-
dimensional turbulence; however, the majority of parameterizations have not yet been
tested in modern ocean models because of algorithmic complexity or because of the
large number of assumptions made (e.g. the assumption of homogeneous turbulence).
We give an overview of the most modern parameterizations of two-dimensional and
three-dimensional subgrid turbulence, while in the dissertation we will focus on the
simplest algorithms.

The simplest models describing the subgrid forces have the form (−1)n+1∆nω

and are called eddy-viscosity models. Such models introduce enstrophy dissipation
at the smallest scales and prevent its accumulation at the grid scale. However, these
models have an obvious drawback: together with enstrophy, energy is also dissipated,
although according to KLB theory there is no direct cascade of energy. The Scale-
Similarity Model (SSM, [44]) is known for having, unlike dissipative models, a high
correlation with the subgrid forces [45]. The result of expanding the scale-similarity
model in a Taylor series is the nonlinear gradient model [45]. In [46] it is shown
that such a model provides a high correlation with the subgrid forces in quasi-two-
dimensional turbulence. It is usually assumed that SSM models and their analogues
do not provide enough dissipation, so they cannot be used without additional regu-
larization [45]. It is possible to use SSM models together with eddy-viscosity mod-
els (mixed models, [45]). In [47] an attempt is made to regularize the scale-similarity
model by projecting it onto dissipative directions. A similar technique was studied for
two-dimensional turbulence [48]. It is also possible to estimate the eddy-viscosity co-
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efficient from the values of the momentum-flux tensor for the scale-similarity model
(dynamic models, [45]). In recent works dynamic models have been investigated in the
quasi-geostrophic equations [49] and in the primitive equations of the ocean [50]. The
main problem of using dynamic models is the large variance of the computed eddy-
viscosity coefficient. Thus, [49] uses averaging over space (i.e. information about the
local properties of turbulence is lost), and in [50] the eddy-viscosity coefficient is as-
sumed to be positive. In this way information about the backward propagation of en-
ergy from subgrid scales, which should play a decisive role in quasi-two-dimensional
turbulence, is lost. The highest correlation with the subgrid forces can be achieved by
using machine-learning methods and neural networks. Such models were constructed
for three-dimensional turbulence in [51] and for two-dimensional in [52]. The main
problem remains, as for scale-similarity models, the numerical stability of the algo-
rithm. In both cases a projection onto dissipative directions was used. An additional
problem of such parameterizations is poor generalization: the weights of the neurons
must be updated when the resolution or the model problem is changed. There are also
models in which “subgrid” eddies are reconstructed on the coarse grid by means of a
defiltering procedure (“Deconvolution models”, [53]). Such a procedure was carried
out for two-dimensional turbulence both approximately (“Approximate deconvolution
model”, [54]) and with the help of neural networks [55]. The main problem of such
models is again numerical stability: it is necessary to use additional regularization in
the form of eddy viscosity.

As follows from the above review, the construction of subgrid models having a
high correlation with the subgrid forces is usually accompanied by problems of numeri-
cal stability. There exists another way of constructing parameterizations—the statistical
one. In this case the physical properties of subgrid turbulence are taken into account,
but correlation with the subgrid forces is not guaranteed. In [56], within the three-layer
quasi-geostrophic equations, a stochastic model of the subgrid forces is constructed
which reproduces the spatial correlation depending on the spatial point, takes into ac-
count the vertical correlation of the tendency and reproduces the characteristic shape of
the autocorrelation function (in time). It is shown that the most important characteristic
of the temporal autocorrelation function is its integral, which determines the amount
of returned energy. Another important characteristic is the negative spatial correlation
of the stochastic tendency, neglect of which enhances the mean currents. In [57] it is
shown that the use of a long series of subgrid forces (but not correlated with the solution)
allows the decadal variability of the coarse model to be recovered.
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In [58] (MTV, “Majda–Timofeyev–Vanden”) it was proposed to replace the non-
linear interaction of the unresolved scales with themselves by a stochastic process,
which, under the assumption of a separation of time scales for the resolved and un-
resolved flows, makes it possible to obtain stochastic equations for the resolved scales.
The drawback of this approach is an additional nonlinear interaction among the re-
solved flows that engages all basis functions involved in the expansion. Constructing
such a parameterization is possible only for a small number of basis functions. In [59]
a stochastic “superparameterization” of the unresolved flows is proposed. As in the
previous work, the nonlinear interaction of the unresolved scales with themselves is re-
placed by a stochastic process. The difference is that a covariance matrix is introduced
for the subgrid scales, for which the equilibrium spectral density of kinetic energy cor-
responding to the enstrophy range is also used. The advantage of this approach is the
possibility to statistically describe the baroclinic instability that is not resolved on the
coarse-model grid.

In [60] it is proposed to model the dynamics of finite-dimensional Hamiltonian
systems by a stochastic perturbation of the coarse model along a constant-energy sur-
face, which can be carried out by means of multiplicative noise. This approach was
extended to the quasi-geostrophic equations in [61; 62]. A drawback of the approach is
that the theory does not provide recommendations on the choice of the spatial correla-
tion of the noise; in particular, in the most recent works, noises constructed on the first
EOF (“Empirical Orthogonal Function”) and DMD (“Dynamic Mode Decomposition”)
vectors are investigated.

In [63] the equation of Lagrangian transport of potential vorticity is considered.
The assumption is made that the unresolved scales can perturb the trajectory of a La-
grangian particle, and that this process can be described by introducing a stochastic
advection field. Such models belong to the “stochastic advection” class and at present
are mainly being developed to correctly reproduce the characteristics of the ensemble
of solutions.

In [64] it is proposed to tune the parameters of a stochastic parameterization so
that the first and second moments of the solution are correctly reproduced at every point
in space. To this end an iterative process is organized, where each iteration is a run of
the model for several years with subsequent averaging of statistical characteristics. The
iterative procedure makes it possible to find the noise variance and the constant forcing
as functions of the coordinates. This work shows that it is possible to find an optimal
parameterization, but its search is very expensive.
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In [65] it is shown that if the Laplace operator is applied to the Lagrangian deriva-
tive of the potential vorticity, the resulting expression will have a high correlation with
the subgrid forces. For each value of this expression a conditional distribution of the
subgrid forces is constructed. The resulting parameterization, consisting of a determin-
istic and a stochastic part, was tested in the three-layer quasi-geostrophic equations in
[66]. It is shown that both the deterministic and the stochastic additions improve the
reproduction of the mean flow. The deterministic part of the parameterization can be
expanded in a series in powers of the Laplace operator [66].

The simplest variant of subgrid models that restores the energy balance in the
coarse model in a statistical way is the kinetic-energy backscatter (KEB, [67]) class of
models. The parameters of such parameterizations can be estimated from the spectral
characteristics of the subgrid forces [41], or in a phenomenological way—by assuming
energy conservation of the total subgrid model (“energetically consistent backscatter”,
[68]). In the present dissertation we mainly consider parameterizations belonging to the
KEB class.

One of the possible ways of modelling KEB is stochastic excitation of the re-
solved scales, “stochastic backscatter” [69]. The first works on stochastic parameteriza-
tions were carried out for three-dimensional turbulence [40; 67; 70]. In LES models of
three-dimensional small-scale turbulence in the atmospheric boundary layer, stochastic
subgrid forcing was first applied in [71]. Stochastic parameterizations in LES are one
of the possible ways to improve the reproduction of first and second moments near the
surface, where the model has a deliberately coarser grid than is needed for an explicit
description of the part of the inertial range with the direct energy cascade [72; 73]. Later,
stochastic parameterizations were adapted to quasi-two-dimensional flows [41; 43; 74;
75] on the basis of simplified quasi-geostrophic equations. In [76; 77] stochastic pa-
rameterizations were used to broaden the ensemble in an ensemble weather-forecasting
model. In particular, the use of such parameterizations makes it possible to recover the
spectral density of kinetic energy of atmospheric turbulence, which is characterized by
a k−5/3 spectral slope in the mesoscale range.

In [68] it was proposed to enhance mesoscale eddies in ocean models by com-
bining a KEB parameterization with a parameterization of turbulent viscosity that uses
a Laplace operator raised to a high power. In the recent works [78] and [79] KEB pa-
rameterizations are applied to model problems of atmospheric dynamics (Held–Suarez
test [80]) and ocean dynamics (in the “zonal channel” approximation), respectively. In
a global ocean model the KEB parameterization was investigated for the first time in
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2020 [81]. KEB parameterizations are capable of improving the mean state of the model
solution [68; 82; 83], the kinetic-energy spectrum [68; 82], the eddy heat flux [84], and
the global thermohaline circulation [82]. Most of the works mentioned above were
carried out with simplified numerical models of the dynamics of a two-dimensional
and quasi-two-dimensional fluid. The intrinsic dynamics of such idealized models pos-
sesses the properties of large-scale two-dimensional and quasi-geostrophic turbulence
characteristic of the ocean; however, many processes specific to the real ocean are not
taken into account.

At present it is appropriate, using the accumulated experience, to adapt KEB pa-
rameterizations to ocean circulation models. On this path there is a number of problems.
Parameterizations constructed for the quasi-geostrophic equations, by definition, mod-
ify only the geostrophically balanced part of the flow. As noted in [13; 83], to construct
analogous parameterizations in models based on the primitive equations one must mod-
ify not only the momentum equation but also the equations for the active tracers, and in
a consistent way. Another open question concerns the vertical structure of the parame-
terizations. Thus, in [68; 82; 84] the parameterizations are independent of the vertical
coordinate (the layer number), while in [77—79] the parameters of the parameterization
vary with height.

For real-ocean models the construction of complex subgrid parameterizations
based on the a priori analysis of the subgrid forces presents a certain difficulty, since
the statistical properties of the modelled quasi-two-dimensional turbulence vary across
space, depth and seasons; the flows consist of both an eddy component and mean cur-
rents; the definition of the subgrid forces will inevitably include baroclinic processes,
which possess different properties depending on the scale (mesoscale and submesoscale
turbulence); there are peculiarities in the near-wall region (western intensification of the
currents); and subgrid models based on the Fourier transform are expensive and diffi-
cult to implement in practice. Nevertheless, it is possible to construct a kinetic-energy
generation spectrum produced by the subgrid forces averaged over the domain, depth
and seasons. Although such a characteristic does not take into account many inhomo-
geneities of the eddy field, it makes it possible to study how the scale and the amount
of returned energy in the studied parameterizations correlate with those in the subgrid
forces. Such an analysis is carried out in the sixth chapter of the dissertation for the
NEMO ocean model [85] in the Double Gyre configuration.

In view of the growth of computer power, the resolution of ocean models will
steadily increase. Nevertheless, the results of the present work, aimed at improving
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the reproduction of mesoscale eddies, will remain in demand. Mesoscale eddies have a
horizontal size proportional to the internal Rossby deformation radius, which decreases
with increasing latitude. Thus, KEB parameterizations will be useful for modelling
the ocean at high latitudes and for regional modelling of the Arctic. Consequently, the
development of KEB parameterizations for subgrid quasi-two-dimensional turbulence
is a topical task.

The aim of the dissertation is to improve the quality of reproduction of ocean
dynamics by modern numerical models by means of subgrid parameterizations of
mesoscale eddies.

To achieve the aim formulated in the work, the following tasks were solved.
In the first and second chapters of the dissertation the role of the numerical approx-
imations of advection in the formation of large-scale coherent structures in an ideal
two-dimensional fluid and of the inverse energy cascade in forced two-dimensional
turbulence is investigated. In the third chapter an analysis of the subgrid forces in the
problem of modelling the inverse energy cascade is carried out, and scheme-dependent
KEB parameterizations are constructed. It is shown that the use of KEB parameteri-
zations allows the inverse energy cascade to be recovered. Furthermore, second-order
finite-difference schemes possess similar spectral characteristics of the subgrid forces.
For this reason, in the remaining three chapters only one second-order scheme is studied.
In the fourth chapter the role of subgrid parameterizations in the problem of barotropic
instability of a jet flow is investigated. In the fifth chapter KEB parameterizations are
studied in the NEMO ocean model [85] in the Double Gyre configuration. In the sixth
chapter, in the Double Gyre configuration, a spectral analysis is carried out of the in-
flux of kinetic energy from the subgrid forces, and a comparison is performed with the
influxes produced by the constructed subgrid parameterizations.

The scientific novelty consists in the following original results:
1. The role of discrete analogues of conservation laws and of various approxi-

mations of the equations of an ideal two-dimensional fluid in the formation of
the inverse energy cascade is demonstrated.

2. It is proposed tomodel KEB bymeans of the scale-similaritymodel. However,
this result has not yet found application in the NEMO ocean model.

3. The role of subgrid closures in the formation of the development of the insta-
bility of a barotropic jet flow is demonstrated in the statistical sense.

4. A comparison between stochastic and deterministic approaches to modelling
KEB in the primitive equations of the ocean is carried out.
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5. A spectral analysis of the subgrid forces in the primitive equations of the ocean
is carried out, on the basis of which it is shown that the scale of backward re-
distribution of kinetic energy does not depend on the resolution of the coarse
model and is determined by the scale of blocking of the inverse energy cas-
cade.

Practical significance. The application of specialized KEB parameterizations
will make it possible to increase the effective resolution of the simulated quasi-two-
dimensional turbulence, which in turn will make it possible to perform long-time cli-
mate simulations with insignificant expenditure of computational resources.

Statements to be defended:
1. The role of discrete analogues of the conservation laws inherent in the equa-

tions of an ideal two-dimensional fluid in the formation of the inverse energy
cascade is established. The absence of a conservation law for the integral
vorticity leads to a spurious energy cascade to the scale set by the size of
the domain, while the absence of a conservation law for enstrophy leads to a
weakening of the inverse energy cascade.

2. The scale-similarity model reproduces the spectral influx of energy from the
subgrid forces. For this reason it can be used as a KEB parameterization for
recovering the inverse energy cascade, provided that the tendency is filtered
in the small-scale dissipative range.

3. It is shown that subgrid parameterizations are able to accelerate the transition
to a turbulent flow regime in the problem of modelling barotropic instability
of a jet flow. The mechanism by which the subgrid models work is different:
a negative-viscosity parameterization prevents smoothing of the mean flow;
the scale-similarity model modifies the linearized system and increases the
growth rates of the unstable modes; the stochastic parameterization excites
the unstable modes.

4. It is shown that modelling of KEB in the primitive equations of the ocean can
be carried out both in a stochastic and in a deterministic way. Both parameter-
izations recover the level of eddy energy, the eddy meridional heat flux, and
the meridional overturning circulation.

5. It is shown that the scale of energy return by the subgrid forces in the Double
Gyre problem in the NEMO model does not depend on the resolution of the
coarse model and is determined by the scale of blocking of the inverse energy
cascade. The amount of returned energy (relative to the dissipated one) de-
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creases with increasing resolution, which is due to the gradual resolution on
the computational grid of the mesoscale and submesoscale eddies.
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Chapter 1. Investigation of coherent structures in an ideal (inviscid) fluid and in
forced turbulence

The problem of studying two-dimensional turbulence is very important in geophysical
fluid dynamics, since the atmosphere and the ocean are quasi-two-dimensional. In geo-
physical fluid dynamics there are two key problems: weather forecasting and climate-
change prediction. From the mathematical point of view, the first problem is connected
with the investigation of the behaviour of the solution of the system on a finite time
interval, and to justify it global solvability theorems and convergence theorems for the
solutions of finite-dimensional approximations to the solution of the differential prob-
lem are quite sufficient. For the two-dimensional equations of both the ideal and the
viscous fluid such theorems exist [86—89]. However, the convergence constants, if
they are determined, as a rule depend exponentially on the time interval on which the
problem is studied, and as this interval tends to infinity these theorems become mean-
ingless. Such situations arise when we study problems of climate modelling on an ar-
bitrarily large time interval. Consequently, the problem of studying the dynamics of a
two-dimensional fluid on an arbitrarily large time interval is a key one in climate the-
ory. This dynamics is of course different for a viscous fluid (dynamics on the attractor)
and for an ideal fluid. In the asymptotic case, when one investigates the dynamics of a
two-dimensional fluid at very small viscosity (so-called decaying turbulence), the two-
dimensional fluid on sufficiently large time intervals behaves as an ideal one (see, e.g.,
[1; 2; 90; 91]).

In real problems of weather forecasting and climate theory we deal with a quasi-
two-dimensional fluid in the presence of forcing and dissipation, and the problems of
the ideal two-dimensional fluid from this point of view seem quite academic. However,
this is far from being so if one bears in mind that, for example, in modelled distributions
of energy along the spectrum there are the so-called inertial intervals where dissipation
and forcing are small and the fluid behaves as an ideal one [18]. Characteristic fea-
tures of the behaviour of an ideal fluid can be observed also in other characteristics
of a viscous fluid, which we shall discuss below. From this point of view, studying
the dynamics of an ideal fluid is a problem that is not only academic but also essen-
tially useful in practice. Since the practical problems of weather forecasting and cli-
mate theory can be solved only numerically, the problem of investigating the properties
of finite-dimensional approximations of the original differential problem appears very
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important [92—95]. In the investigation of approximations of the equations of an ideal
two-dimensional fluid a natural condition (besides the conditions of approximation and
stability) is that they belong to the class of systems of hydrodynamic type. Recall that
in [96] A.M. Obukhov defined the finite-dimensional system

dui
dt

= Fi(u), u|t=0 = u0 (1.1)

with respect to the unknown u = [u1, u2, ...,un] as a system of hydrodynamic type if it
satisfies three requirements:

1. The system (1.1) is quadratically nonlinear.
2. The phase flow is incompressible:∑

i

∂Fi

∂ui
= 0. (1.2)

3. The system has at least one quadratic conservation law (Su, u) = const, where
S is a positive-definite symmetric matrix.

The task of the present chapter is to investigate the statistical properties of finite-
dimensional approximations of the equations describing the dynamics of an ideal two-
dimensional fluid that belong to the class of systems of hydrodynamic type according
to the above definition.

Before proceeding to the specific formulation of this problem, let us briefly recall
the fundamental properties of the systems of equations describing the dynamics of a
two-dimensional ideal fluid. We write the original equations of the dynamics of a two-
dimensional ideal incompressible fluid in terms of vorticity and streamfunction:

∂ω

∂t
+ J(ψ,ω) = 0, (1.3)

hereω = △ψ is the vorticity,ψ is the streamfunction, J(ψ,ω) = −∂ψ

∂y

∂ω

∂x
+
∂ψ

∂x

∂ω

∂y
is

the Jacobian. We consider the system (1.3) in a doubly periodic channelD in Cartesian
coordinates, so that

∫
DωdD = 0. It is well known [97] that the system (1.3) has the

energy conservation law

E = −1

2

∫
D

ψωdD = const (1.4)

and an infinite number of invariants (Casimirs) of the form∫
D

F (ω)dD = const. (1.5)
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If we set F (ω) = 1
2ω

2, then we have the enstrophy conservation law

ω2 =
1

2

∫
D

ω2dD = const. (1.6)

From (1.4) and (1.6) there follows the conservation law for the energy-averaged squared
wavenumber:

k2 =
ω2

E
= const. (1.7)

The infinite number of conservation laws (1.5) is equivalent to the conservation of the
area distribution of vorticity [98], given by the formula

dD

D
= ρ(ω)dω, (1.8)

i.e. ρ(ω) is an invariant. If we introduce the notion of information entropy [99], then it
follows that the entropy

S = −
∫ +∞

−∞
ρ ln ρ dω, ρ ≡ ρ(ω) (1.9)

is also invariant.
Since any finite-dimensional approximation, even one belonging to the class of

systems of hydrodynamic type, cannot have an infinite number of invariants, the inves-
tigation of the behaviour of the area distribution density of vorticity ρ(ω) appears to be
a very interesting and promising problem not only for the ideal fluid but also in the case
of the real atmosphere [99].

Below we shall need one more definition of entropy [100]:

S = −
∫
D

dD

∫ +∞

−∞
ρ ln ρ dω, ρ ≡ ρ(x,y,ω), (1.10)

where ρ(x,y,ω) is used to define the ensemble in the Miller–Robert–Sommeria (MRS)
mean-field theory [32; 101] and denotes the area distribution depending on the point in
space. A review of MRS theory can be found in [1; 100].

We now turn to other characteristics of the quasi-equilibrium state of the ideal
two-dimensional fluid. These characteristics have been studied by various authors [90;
91; 93; 95]. According to MRS theory, the energy in the quasi-equilibrium state is
concentrated in a large-scale coherent structure determined by the stationary solution
of the system (1.3), see [100]:

ω = F (ψ), (1.11)
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where the overbar denotes ensemble averaging, which makes it possible to dispense
with the explicit description of the contribution of small-scale non-stationary flows. If
one uses the variational principle of maximizing the entropy (1.10) at given energy E

and enstrophy ω2, then the function F will be linear with a slope corresponding to the
smallest in absolute value eigenvalue of the Laplace operator λmin [100]:

△ψ1 = −|λmin| ψ1. (1.12)

Since a sufficient condition for the stability of the stationary solution is [97]

∂F

∂ψ
> −|λmin|,

we can conclude that the stability criterion of the resulting stationary solution (1.12)
corresponds in this case to the limiting point of the stability test.

Thus, the main problems considered in the present work are:
1. Investigation of the area distribution of vorticity reproduced by various ap-

proximations of the equations of the dynamics of an ideal two-dimensional
incompressible fluid that belong to the class of systems of hydrodynamic type.

2. Investigation of the quasi-equilibrium coherent structures reproduced by these
finite-dimensional approximations.

3. Comparison of these coherent structures with the structures arising in a viscous
fluid with random forcing.

1.1 Difference schemes and methods of solution

As the subject of investigation we take three difference schemes approximat-
ing the equations (1.3) and belonging to the class of systems of hydrodynamic type.
The schemes are constructed on the basis of different representations of the Jacobian
J(ψ,ω). It is well known that the Jacobian J can be written in three representations:

J1 =
∂ψ

∂x

∂ω

∂y
− ∂ψ

∂y

∂ω

∂x
– advective form, (1.13)

J2 =
∂

∂y

(
∂ψ

∂x
ω

)
− ∂

∂x

(
∂ψ

∂y
ω

)
– first divergent form, (1.14)

J3 =
∂

∂x

(
∂ω

∂y
ψ

)
− ∂

∂y

(
∂ω

∂x
ψ

)
– second divergent form. (1.15)
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On the basis of these three forms one can, using symmetric approximations of
derivatives on a uniform grid, construct spatial approximations that conserve enstrophy,
energy, or both energy and enstrophy (the Arakawa scheme [33]). The incompressibility
of the phase flow (1.2) for the given approximations is proven in [94].
The scheme conserving energy E has the form

Jh =
1

2

[
Jh
1 (ψh,ωh) + Jh

3 (ψh,ωh)
]
, (1.16)

where Jh
1 , J

h
3 are the approximations of J1 and J3.

The scheme conserving enstrophy Z:

Jh =
1

2

[
Jh
1 (ψh,ωh) + Jh

2 (ψh,ωh)
]
, (1.17)

and the scheme conserving energy and enstrophy ZE:

Jh =
1

3

[
Jh
1 (ψh,ωh) + Jh

2 (ψh,ωh)) + Jh
3 (ψh,ωh)

]
. (1.18)

If for the approximation of equation (1.3) one uses the Crank–Nicolson scheme
together with the spatial approximations (1.16), (1.17), (1.18), then all the above-listed
conservation laws are satisfied at every time step [94]. The resulting time-integration
procedure consists in solving a system of nonlinear algebraic equations with quadratic
nonlinearity of the following form:

ωn+1
h −ωn

h

∆t
+ Jh

(
ψn+1

h +ψn
h

2
,
ωn+1

h +ωn
h

2

)
= 0, (1.19)

where n denotes the time-layer index. To find the numerical solution of this system the
method of simple iterations is used, described in detail in [1]. The number of iterations
is equal to 5, and this ensures conservation of the quadratic invariants with a relative
accuracy from 10−4 to 10−3.

1.2 Results of numerical experiments with the schemes approximating the
equations of the ideal fluid

Before proceeding to the discussion of the results of the numerical experiments,
we make several remarks.
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1. In the case of infinite-dimensional spaces (differential formulation of the prob-
lem), we have an analogue of the embedding theorem [97]:

E = −1

2
(ψ,ω) ⩽ 1

|λmin|
(ω,ω)

2
≡ 1

|λmin|
ω2,

where λmin is the smallest in absolute value eigenvalue of the Laplace operator.
For finite-dimensional space, in the case of a uniform square grid, the relations
between energy and enstrophy can be obtained as follows. Let

Eh = −1

2

(
ψh,ωh

)
h
, ω2

h =
1

2

(
ωh,ωh

)
h
,

where (·,·)h is the scalar product in the finite-dimensional space. Let Sh be a
symmetric negative-definite approximation of the Laplace operator. Consider
the pair of subspaces orthogonal to a constant, (ωh,1)h = 0 and (ψh,1)h = 0,
on which Sh acts bijectively. Thenωh = Shψh and ψh = S−1

h ωh. From here
we obtain the two-sided estimate of the energy level:

1

|λhmax|
ω2

h ⩽ Eh ⩽ 1

|λhmin|
ω2

h, (1.20)

where the eigenvalues of the matrix Sh depend on the parameters of the prob-
lem as follows:

|λhmax| =
α

h2
, α = const, h – grid step

|λhmin| = β, β – constant determined by the size of the domain.

Thus, if we consider a scheme that conserves only enstrophy, then the energy
will be bounded above by a constant independent of the grid step:

Eh ⩽ 1

β
ω2

h. (1.21)

Moreover, the generation of energy, if it occurs, takes place at large scales,
since the energy-averaged squared wavenumber k2h =

ω2
h

Eh
should in this case

decrease. In addition, an almost complete dissipation of energy is possible
[94].
If a scheme conserving only energy is considered, then the enstrophy will
satisfy

ω2
h ⩽ α

h2
Eh. (1.22)
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This relationmeans that the energy-averaged squaredwavenumber k2h =
ω2

h

Eh
⩽

α
h2 can grow without bound as h → 0, i.e. in this scheme a cascade of energy
to high wavenumbers is possible.

2. The relations corresponding to the smallest in absolute value eigenvalue of
the Laplace operator acting on functions defined on a doubly periodic channel
are degenerate, since to this eigenvalue there corresponds an eigensubspace
of dimension 2. This means that the form of the coherent structure forming in
this subspace and satisfying relation (1.12) is not uniquely determined.

3. Generally speaking, the results of the quasi-equilibrium distributions depend
on the configuration of the initial state, in particular on the mean wavenumber
[92]. If the initial state is chosen such that k2 = ω2/E ≫ |λmin(△)|, then,
as shown in [1; 94; 95], the quasi-equilibrium area distributions for systems
of hydrodynamic type will be determined by the fluctuations around the mean
state. This distribution should be close to the normal one, since the entropy
(1.9) is maximized on the normal distribution in the presence of a quadratic
invariant (see, e.g., [102]).

4. Convergence to the quasi-equilibrium state in a system of hydrodynamic type
must take place provided that the definition of convergence includes a “filter-
ing”, e.g. spatial averagingω (we shall average over cells consisting of n×n

grid points), or time averaging ⟨ω⟩ = 1
T

∫ T

0 ωdt (Cesàro convergence). A
detailed theory of Cesàro convergence is given in [103]. In our numerical
experiments we shall always specify which procedure is used.

Numerical experiments for all schemes (E, Z, ZE) were carried out with the fol-
lowing parameters. The doubly periodic channel D has size [0,2π)× [0,2π), the reso-
lution of the computational grid is 512× 512 points. The initial vorticity field consists
of 8 × 8 square patches on which the vorticity is constant and takes randomly one of
the values {−1 + a, − 1 + 3a,...,1 − a}, a = 1/64, each value being chosen exactly
once. Similar initial data were used in [104] to simplify the theoretical analysis of the
equilibrium states and are called “vortex patches”. The mean squared wavenumber for
such initial data equals k2 = ω2/E = 4.4 > |λmin(△)| = 1. The computation was
carried out over a long time interval t ∈ (0,50000). Full statistical equilibrium for all
schemes is reached no later than at the moment t ≈ 10000.

A typical form of the solutions for the inviscid fluid (scheme ZE) after spatial
averaging is shown in Figure 1.1, in comparison with the viscous fluid. The figure is
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taken from [1; 2], not included in the dissertation, and differs in that the number of
square patches with constant vorticity in the initial data is different.

Figure 1.1—Evolution of vorticity in the experiment without viscosity (top row) and
in the experiment with viscosity (bottom row). In the inviscid experiment spatial

averaging is performed. The experiments are shown for illustration and are described
in detail in [1; 2], not included in the dissertation.

We first present the results for the scheme with two invariants (ZE), and then
compare this scheme with the other two (Z, E).

Figure 1.2—Relative deviation of energy and enstrophy from initial values (a), (b);
and the spectral distribution of energy (c) at the last moment of time t = 50000 for

three schemes (E, Z, ZE). Note that the scale of panels (a) and (b) differs by six orders
of magnitude.
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In the computation with the ZE scheme the energy and the enstrophy are con-
served with a relative accuracy of 10−4 over the whole time of the computation, see
Figures 1.2a and 1.2b. Figure 1.3 shows the area distribution of vorticity ρ(ω) at the fi-
nal moment of time. It follows from the figure that the distribution has a Gaussian form.
The variance of the distribution is determined by the initial data and equals 2ω2/D. We
make use of the kurtosis coefficient γ =

∫
ω4ρdω

(
∫
ω2ρdω)2

to determine the closeness of the
area distribution ρ(ω) to a Gaussian one (for the standard normal distribution γ = 3).
Figure 1.4 shows the kurtosis coefficient as a function of time at three different resolu-
tions (the standard resolution 512 × 512 and two more: 128 × 128 and 2048 × 2048).
On the time interval t ∈ (0,50) a sharp growth of this coefficient is observed, related to
the establishment of statistical equilibrium at small scales. Further, on the long interval
t ∈ (50,10000) the large scales also come to full statistical equilibrium, and the kurtosis
coefficient becomes practically equal to 3 for all resolutions (not shown). As a char-
acteristic time for the establishment of small scales we take the time during which the
kurtosis coefficient first reaches the value 3. The characteristic time grows slowly with
increasing resolution (T ∼ N 0.3, whereN is the number of nodes along one direction),
see Figure 1.4. This is an illustration of the convergence theorem: the higher the reso-
lution of the computational grid, the longer the initial distribution ρ(ω) is preserved.

x 10
-2

x 10
2

Figure 1.3—Histogram of the area distribution of vorticity at the final moment of
time t = 50000 for three schemes (E, Z, ZE). The number of histogram bins is 25. The

black curve is the Gaussian distribution with equivalent variance.

Let us describe the properties of the statistical equilibrium state for the Arakawa
ZE scheme. The theory implies that at small scales enstrophy must be equally dis-
tributed among the Fourier modes [1], and this is confirmed by the numerical exper-
iment: the energy spectrum has a decreasing power-law dependence E(k) ∼ k−1 at
small scales, see Figure 1.2c. From the same figure it follows that most of the en-
ergy accumulates at large scales, as a result of which large-scale coherent structures are
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kurtosis

Figure 1.4—Kurtosis coefficient of the distribution ρ(ω) for the computation with
the ZE scheme at three different resolutions.

formed having a characteristic size comparable to the size of the domain, see Figure 1.5.
Two large vortices form by time t ≈ 200, after which slow processes of equilibration
follow. The large vortices are close to stationary solutions of the equations of the ideal
fluid: the scatter diagram ⟨ψ⟩ − ⟨ω⟩ is described by a certain functional dependence,
see Figure 1.6. This functional dependence is close to the linear one (1.12), and at large
values of the streamfunction deviations from the linear dependence are observed, thus
qualitatively confirming formula (1.11).

Figure 1.5—Vorticity (shown in colour) and streamfunction (shown by lines),
preliminarily averaged over the time interval t ∈ (20000,50000).
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Figure 1.6—Scatter diagram ⟨ψ⟩ − ⟨ω⟩, where angular brackets denote averaging
over the time interval t ∈ (0,50000). The black line corresponds to the relation

⟨ω⟩ = −⟨ψ⟩: the theoretical prediction (1.12) with |λmin| = 1.

The scheme with a single quadratic invariant—enstrophy (Z)—gives results sim-
ilar to the ZE scheme, see Figures 1.2, 1.3, 1.5, 1.6. In this case approximate conserva-
tion of energy is observed throughout the computation, see Figure 1.2a. An analogous
result is given in [105]. We note that other systems of hydrodynamic type with the en-
strophy invariant can dissipate energy, in which case no coherent structures are observed
[94].

As shown above, for the scheme with a single quadratic invariant—energy (E)—
an unbounded generation of enstrophy is possible, and this is what happens in the nu-
merical experiment: during the equilibration the level of enstrophy increases by a fac-
tor of 6000, see Figure 1.2b. The excess enstrophy accumulates at small scales, and
this leads to the energy cascading into the region of high wavenumbers, where energy
equipartition over the Fourier modes is observed (after angular integration in Fourier
space,E(k) ∼ k), see Figure 1.2c. As a consequence, coherent structures at large scales
are not formed, see Figures 1.5, 1.6. As a result of the enstrophy generation, the vari-
ance of the area distribution ρ(ω) significantly increases compared with schemes ZE
and Z, see Figure 1.3; however, the functional form of the distribution does not change:
it remains Gaussian.
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1.3 Large-scale structure and area distribution of vorticity in the two-dimensional
equations with dissipation and forcing

Consider the two-dimensional equations of a viscous fluid in a doubly periodic
channel:

∂ω

∂t
+ J(ψ,ω) = f − αω+ µ△ω, (1.23)

ω|t=0 = ω
0,

whereω = △ψ, f is the external forcing, α is the coefficient of Rayleigh friction, µ is
the viscosity coefficient. The asymptotic properties of this equation are considered in
numerous works (see [97] and the references therein). Let

∂ωh

∂t
+ Jh(ψh,ωh) = fh − αωh + µ△h ωh, (1.24)

ωh|t=0 = ω
0
h

be some finite-difference approximation of (1.23), in which the system (1.24) at f =

0, α = 0, µ = 0 is a system of hydrodynamic type. The central question we consider in
this section is the following: in what sense are the asymptotic (statistical) properties of
(1.24) determined by the asymptotic (statistical) properties of the corresponding system
of hydrodynamic type?

The equations for energy and enstrophy in the system (1.23) have the form

∂E

∂t
= −(f,ψ)− 2αE − 2µω2 (1.25)

∂ω2

∂t
= (f,ω)− 2αω2 + µ(△ω,ω). (1.26)

Averaging (1.25) and (1.26) over time we obtain the mean values of energy ⟨E⟩ and
enstrophy ⟨ω2⟩:

⟨E⟩ =
−⟨

(
f,ψ

)
⟩ − 2µ⟨ω2⟩
2α

(1.27)

⟨ω2⟩ =
⟨
(
f,ω

)
⟩+ µ⟨

(
△ω,ω

)
⟩

2α
. (1.28)

The relations (1.27), (1.28) express the principal difference between the systems (1.3)
and (1.23): in the first case ⟨E⟩ and ⟨ω2⟩ are determined by the initial data, whereas
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in the second they (asymptotically) do not depend on the initial data. When solving
the equations (1.23) it turns out to be useful to employ schemes that do not allow the
growth of enstrophy. According to the relation (1.27), an increase of the enstrophy
level leads to a decrease of the energy level and, as a consequence, to a growth of the
mean squared wavenumber. This effect will be demonstrated in the next chapter of the
dissertation 2, where the distribution of energy along the spectrum is studied in detail
for various schemes of solving the equations (1.23).

As in the case of the ideal fluid, we shall be interested in such characteristics of
the system (1.23) as large-scale coherent structures and the area distribution of vorticity.
Let the forcing be set on such spatial scales that the formation of two inertial intervals
associated with the energy and enstrophy cascades is possible [18]. In these intervals,
by definition, dissipation must not significantly affect the formation of the energy distri-
bution over scales, i.e. the fluid must behave as an ideal one. This can be achieved if the
scale of dissipation due to viscosity is chosen much smaller than the forcing scale, and
the time scale of Rayleigh friction is much greater than the time scale of energy transfer
along the spectrum. Both conditions are satisfied at sufficiently small coefficients µ
and α. In [1] it was shown that at sufficiently small µ the quasi-equilibrium states of
the viscous fluid are close to the corresponding states of the ideal fluid, see Figure 1.1.

Two numerical experiments were carried out for the problem (1.23), solved
with the Arakawa ZE scheme, with the following parameters (all parameters are non-
dimensional): resolution 1024 × 1024, µ = 4.69 · 10−6, computation time t = 15000.
The random δ-correlated forcing is set at wavenumber 45 and provides an energy in-
flux per unit surface per unit time ε = 1.534 · 10−4. The algorithm for constructing the
external forcing is given in Appendix A. The difference between the two experiments
lies in the different scale of blocking of the inverse energy cascade, set by the Rayleigh
friction coefficient: α = 0.012 and α = 0.0003.

Figure 1.7 shows the energy distribution along the spectrum in the two experi-
ments. From the figure it is seen that in the case of a large Rayleigh friction α = 0.012

the energy cascade in the region of low wavenumbers is blocked at approximately the
wavenumber k = 5, and no quasi-stationary coherent structure is observed. At the
small coefficient α = 0.0003 coherent structures close to those observed in the ideal
fluid have already formed; compare Figures 1.7 and 1.5. The scatter diagram ψ − ω
is shown in Figure 1.8. As in the ideal fluid, at small Rayleigh friction a functional de-
pendenceω = F (ψ) is observed, which is close to the linear one (1.12) at small ψ. In
both cases the area distribution of vorticity is close to the Gaussian one, see Figure 1.8.
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Figure 1.7—Vorticity (shown in colour) and streamfunction (shown by lines) – left;
energy spectrum – right. The figures correspond to the final moment of time

t = 15000.

Figure 1.8—Left – scatter diagram ψ−ω, where the overbar denotes averaging over
cells of 32× 32 grid points. The black line corresponds to the linear relation (1.12).
Right – area distribution of vorticity, 25 histogram bins, the black curve corresponds
to the Gaussian distribution with equivalent variance. The figures correspond to the

final moment of time t = 15000.

It is worth noting that area distributions of vorticity close to a Gaussian one have been
observed also in computations from real data in the atmosphere (500 hPa surface) [99].
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1.4 Conclusions

In this chapter we have investigated the statistical properties of three differ-
ence schemes approximating the equations of an ideal two-dimensional incompress-
ible fluid and belonging to the class of systems of hydrodynamic type introduced by
A.M. Obukhov. It was shown that even in the presence of a convergence theorem on a
finite time interval for one of the difference schemes (the Arakawa scheme, which has
two quadratic invariants—energy and enstrophy), when an arbitrarily large time interval
is considered, the schemes in principle cannot reproduce certain properties of the ideal
two-dimensional fluid, in particular the conservation of the area distribution of vortic-
ity, the reproduction of which requires an infinite number of invariants (Casimirs). At
the same time, the time interval on which the initial area distribution of vorticity is ap-
proximately conserved grows slowly with increasing resolution, which is nonetheless
consistent with the convergence theorem.

The scheme conserving only energy does not reproduce other essential proper-
ties of the ideal fluid either: the formation of a stationary quasi-equilibrium state sat-
isfying a linear relation between vorticity and streamfunction when a certain averag-
ing procedure is performed (e.g., consideration of Cesàro convergence), and the en-
ergy distribution along the spectrum. As for the scheme conserving only one quadratic
invariant—enstrophy—the results of modelling with it the quasi-equilibrium states of
the ideal fluid differ little from the results obtained with the Arakawa scheme, which is
explained by the presence of the embedding theorem prohibiting an energy cascade to
high wavenumbers.

The question arises: is it necessary to take into account the reproduction of the
fundamental properties of the ideal two-dimensional fluid when modelling a viscous
quasi-two-dimensional fluid with external forcing? In the case of a viscous fluid there
are a global solvability theorem and convergence theorems of the solutions of differ-
ence schemes to the solution of the differential problem in which, when the viscosity
coefficient and the forcing tend to zero, only one quadratic invariant—the energy—
exists (a “bad” scheme from the point of view of reproducing the statistical properties
of the ideal fluid). However, it should be noted that the constants in all these theorems
(if they are determined), as a rule, depend exponentially on the time interval, and thus
the theorems are practically of no help to us in investigating the above-mentioned prob-
lem. In this chapter we have shown that at small Rayleigh friction coefficients, i.e. in
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the case where there is no dissipation and generation of energy in the large region of
wavenumbers associated with the inertial interval of the inverse energy cascade, the
following properties of systems of hydrodynamic type manifest themselves in viscous
forced turbulence: quasi-stationary coherent structures are formed, and also a Gaus-
sian area distribution of vorticity is observed. In this chapter differences between the
schemes were not found in the problem ofmodelling forced turbulence. As shown in the
next chapter, the differences begin to manifest themselves at coarser spatial resolutions
of the computational grid.
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Chapter 2. Investigation of the influence of numerical advection schemes on the
reproduction of the inverse energy cascade

In the previous chapter it was shown that the statistically equilibrium states arising
in systems approximating the equations of the ideal fluid can strongly depend on the
choice of approximation of the advective term. Moreover, certain properties of the
ideal fluid—such as the formation of quasi-stationary large-scale coherent structures
and the Gaussian area distribution of vorticity—can also be observed in a more realis-
tic problem, namely forced turbulence. In this chapter it is proposed to clarify how the
choice of the numerical advection scheme affects the reproduction of the inverse energy
cascade for various ratios between the scale of the external forcing and the step of the
computational grid. In the ideal fluid, the scheme with a single invariant (energy) gen-
erates enstrophy almost without bound. This effect impedes the propagation of energy
to large scales and, as a consequence, the formation of a large-scale coherent structure.
In forced turbulence the generation of enstrophy is suppressed by viscosity, which lim-
its the scheme errors in the short-wave range; nevertheless, as shown in this chapter,
the inverse energy cascade can be weakened when the scale of the external forcing is
chosen close to the grid step (such situations arise in eddy-permitting ocean models that
poorly resolve the internal Rossby deformation radius on the grid).

2.1 Equations and model parameters

We consider the dynamics of a two-dimensional incompressible fluid on the
square (x1,x2) ∈ [0,2π)× [0,2π) with periodic boundary conditions in Cartesian coor-
dinates. Numerical schemes are considered both in velocity–pressure variables and in
vorticity–streamfunction variables.

In the natural velocity–pressure variables (u,p) the equations of motion are writ-
ten in the following form:{

∂u
∂t

+ (u · ∇)u = −∇p− ν∆2u− αu+ f (2.1а)

∇ · u = 0. (2.1б)
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Here u = (u1, u2) is the velocity, p is the pressure, f is the forcing (the external force
acting on the flow) described in Appendix A, α > 0 is the Rayleigh friction coeffi-
cient. As the basic model for describing subgrid turbulence, the biharmonic operator
with coefficient ν > 0 is chosen. This choice corresponds to the general practice of
suppressing numerical noise in models of atmospheric and ocean dynamics, where dis-
sipative terms acting predominantly on the short-wave part of the spectrum are often
used.

In the streamfunction–vorticity variables (ψ,ω) we have the following form of
the equations: {

∂ω

∂t
+ (u · ∇)ω = −ν∆2ω− αω+ f (2.2а)

∆ψ = ω, (2.2б)

where ω is the vorticity, ψ is the streamfunction, f is the forcing (the external action
on the vorticity). The variables in equations (2.1) and (2.2) are related by

u =

(
− ∂ψ

∂x2
,
∂ψ

∂x1

)
(2.3)

ω =
∂u2
∂x1

− ∂u1
∂x2

. (2.4)

For the approximation of equations (2.1), (2.2), a uniform spatial grid with steps
(hx1

, hx2
) and time step ∆t is chosen, and the following difference operators are in-

troduced:
δxi
φ =

φ(xi + hxi
/2)−φ(xi − hxi

/2)

hxi

(2.5)

φxi =
φ(xi + hxi

/2) +φ(xi − hxi
/2)

2
(2.6)

∇h · u = δxi
ui (2.7)

∆hφ = ∇2
hφ = δxi

(δxi
φ), (2.8)

here and below summation over the repeated index is assumed.
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2.2 Numerical methods

2.2.1 Finite-difference schemes in the variables (u, p)

The system of equations (2.1) is solved by the projection method [106]. The
intermediate value of the velocity u′ is found by the following scheme:

u′ − un

∆t
= −[(u · ∇)u]n+1/2

h −∇hp
n − ν∆2

hun+1/2 − αun+1/2 + fn.

The spatial discretization of the advective term (u · ∇)u is denoted by the subscript h
and varies from one scheme to another. Values on the n+1/2 time layer [(u ·∇)u]n+1/2

h ,
ν∆2

hun+1/2, αun+1/2 are computed using the second-order Adams–Bashforth scheme

φn+1/2 =
3

2
φn − 1

2
φn−1.

Next, the pressure correction φn+1 is sought from the condition

∆hφ
n+1 =

∇h · u′

∆t

and the projection step is carried out:

un+1 = u′ −∆t∇hφ
n+1

pn+1 = pn +φn+1.

Scheme used in the ocean model INMOM
In the INMOM model [107] the advection (u · ∇)u is approximated by second-
order central differences on the staggered C-grid (in Arakawa’s terminology). The
scheme conserves energy and, provided the discrete analogue of the continuity equation
∇h · u = 0 is satisfied, can be written in the simple form [108]:

[(u · ∇)ui]h = δxj
(uj

xiui
xj).

Scheme used in the atmospheric model INMCM
In the atmospheric model, which is part of the INMCM climate model [109], one of the
Arakawa schemes [110] is used. On the sphere it conserves angular momentum. It can
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be obtained by considering, in addition to the usual coordinate system (x1,x2), an addi-
tional one (x′1,x′2) which on a square grid is obtained by a 45-degree counterclockwise
rotation. The scheme has the form of a linear combination of the terms (u ·∇)u written
in the two coordinate systems:

[(u · ∇)ui]h =
2

3
· ujxiδxj

ui
xj
+

1

3
· u′jδx′

j
ui

x′
j , (2.9)

where (u′1,u′2) is the velocity in the new coordinate system (x′1,x
′
2).

2.2.2 Finite-difference schemes in the variables (ψ,ω)

The system of equations (2.2) is solved in two stages. At the first stage we solve
the evolution equation (2.2а) and obtain the vorticity at the new step ωn+1 using the
second-order Adams–Bashforth scheme. At the second stage we recover the stream-
function ψn+1 from the vorticityωn+1 according to the Poisson equation (2.2б), using
the discrete Laplace operator (2.8).

Arakawa schemes The approximations E, Z, ZE described in Section 1.1 are used.

2.2.3 Semi-Lagrangian methods in the variables (ψ,ω)

The system of equations (2.2) is solved in two stages similarly towhat is described
in the previous Section 2.2.2; however, recovery of the streamfunctionψn+1 is followed
by determination of the velocity un+1. To update the vorticity at the new time layerωn+1

a semi-Lagrangian method is used, having the form

ωn+1
A −ωn

D
∆t

= F (ωn)A,

here A are the arrival points of the trajectory located at the grid nodes, and D are the
departure points. The advection is described by the left-hand side of the equation, and
the right-hand side F (ω) is responsible for dissipation and the external forcing, which
do not require high accuracy and therefore are approximated with first-order accuracy



39

in time. The valueωn
D is found by interpolation, and the schemes differ from each other

only by the form of the interpolant. The trajectories are computed using the SETTLS
scheme [111], used in the SL-AV model [112]. For the characteristic equation

dx
dt

= u

it has the form
xn+1
A − xnD
∆t

=
1

2
([2un − un−1]D + unA). (2.10)

The scheme is implicit with respect to the point D and is solved iteratively in 5 iterations
using cubic interpolation of the velocity at the point D.

Types of interpolation
We shall distinguish semi-Lagrangian methods only by the type of one-dimensional
interpolation. There are many ways to split a two-dimensional interpolation problem
into a sequence of one-dimensional ones [113; 114]. Among the many methods we
have chosen the cascade approach [114], since it is used in the new version of the SL-
AV model [115]. In addition to the cascade approach, the tensor product method [113]
was also tested, and in our experiments no differences were found.

The following types of one-dimensional interpolation have been investigated:

cubic – cubic interpolation [116]

hermite – Hermite interpolation. It satisfies the necessary and sufficient conditions of
monotonicity [113] (by monotonicity we mean monotonicity of the interpolant
on a grid step). The conditions of monotonicity NCM1 and SCM from [113]
are taken. To construct the interpolant on an interval, onemust know the values
of the function and its derivative at the ends of the interval. The function values
are known, and the values of the derivative are found with the help of a cubic
interpolant (see [113], “cubic derivative estimate”). Then the values of the
derivative are checked for monotonicity. If the monotonicity conditions are
satisfied, the interpolation remains cubic; otherwise a correction is applied.

CCS – the cascade conservative semi-Lagrangian scheme [117]. In this scheme a
sequence of one-dimensional redistributions of the mass contained in the com-
putational cell is carried out. The mass redistribution for a one-dimensional
conservation law of the form

∂ρ

∂t
+

∂ρu

∂x
= 0
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is expressed as ∫
A(tn+1)

ρdx =

∫
A(tn)

ρdx, (2.11)

here A(t) is a volume moving with the fluid which at the moment of time
n + 1 coincides with the computational cell. The integral on the right-hand
side of (2.11) is found approximately using a conservative piecewise-parabolic
interpolation.

In the SL-AV model all the described interpolants are implemented; however, in
the operational version of the model only two are used: cubic in the dynamical core and
CCS for tracer advection [115].

2.2.4 Semi-Lagrangian methods in the variables (u, p)

The system of equations (2.1) is solved by the projection method similarly to
what is described in Section 2.2.1, using the semi-Lagrangian methods described in
Section 2.2.3; however, the treatment of pressure is different and has the form of the
Crank–Nicolson scheme [118]

un+1
A − unD
∆t

= −1

2
(∇hp

n+1
A +∇hp

n
D) + F (un)A.
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2.3 Numerical experiments

The equations (2.1), (2.2) are solved until statistical equilibrium is reached (t =
100, approximately 4000 time steps for the semi-Lagrangian schemes). Then the com-
putation is continued for another 500 time units to obtain averaged characteristics of the
solution. In all the experiments the forcing provides an energy influx per unit surface
per unit time ε = 1.534 · 10−4. The Rayleigh friction coefficient equals α = 0.012.
Our analysis excludes consideration of time-integration errors of advection, so we use
small time steps for the finite-difference schemes: Courant number umax∆t

h < 0.15.
For the semi-Lagrangian schemes the Courant number is set equal to 1, since as a rule
semi-Lagrangian methods are not used at low Courant numbers.

The results of computations at low spatial resolution (coarse models) are com-
pared with the high-resolution DNS model, which is computed using the ZE scheme on
the fine grid 2016× 2016 (the viscosity coefficient was chosen so as to obtain the most
extended enstrophy interval). The viscosity coefficient in the coarse models depends on
the forcing scale and the resolution, and is given in each case separately. The level of
energy in the ideal model (energy is not dissipated when biharmonic viscosity is used)
can be obtained by equating the energy influx from the forcing ε and the dissipation by
Rayleigh friction 2αE:

E =
ε

2α
. (2.12)

2.3.1 Large-scale forcing

The problem is solved at resolution 360× 360 nodes. The external forcing is set
on large scales, at the wavenumber kf = 4. The biharmonic viscosity coefficient is
ν = 1.06 · 10−9.

Figure 2.1 shows the spectral distribution of energy for the schemes under study
(semi-Lagrangian methods only in the variables (ψ,ω)). The large-scale part of the
spectrum is the same for all numerical discretizations of advection and coincides with
the DNS high-resolution computation. The energy level differs from one scheme to an-
other by no more than 1% and is consistent with the theoretical estimate (2.12). The ex-
ternal forcing is well separated in scale from the grid scale, and the energy is practically
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Figure 2.1—Energy spectrum in the experiment with large-scale forcing; the forcing
scale is shown by the dashed line; resolution 3602.

not dissipated by viscosity. Scheme errors of energy non-conservation are also insignif-
icant. Differences are observed on small scales (region of high wavenumbers), where
scheme effects manifest themselves most strongly. The semi-Lagrangian schemes are
inferior to the finite-difference ones in the magnitude of dissipation. For this reason, the
energy spectrum of the semi-Lagrangian schemes is underestimated down to intermedi-
ate scales (12 grid steps), whereas for the finite-difference schemes it is underestimated
down to 6 grid steps. One can conclude that if the forcing has a sufficiently large scale,
then the nonlinear character of the approximation errors is not capable of altering the
large-scale dynamics.

2.3.2 Small-scale forcing

The external perturbation is located at small scales, kf = 90. The problem is
solved at resolutions 540 × 540 (the forcing corresponds to waves of length 6 grid
steps, ν = 4.21 · 10−10) and 360 × 360 (the forcing corresponds to waves of length 4
grid steps, ν = 2.13 · 10−9).
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Figure 2.2—Energy spectrum for the finite-difference schemes in the experiment with
small-scale forcing; the forcing scale is shown by the dashed line.

Finite-difference schemes

The spectral distribution of energy for the finite-difference schemes is shown in Fig-
ure 2.2, which illustrates the process of disruption of the inverse energy cascade as
the resolution is coarsened. As seen in Figure 2.2(b), practically all finite-difference
schemes, regardless of whether they use the variables (u,p) or (ψ,ω), have a similar
form of the spectrum at large scales, with the exception of the two schemes E and IN-
MOM, which conserve only energy. These schemes have a noticeably lower energy
level at resolution 360 × 360, since they generate enstrophy at small scales (see Ta-
ble 1), where it is dissipated by the numerical filter, which in turn leads to a decrease in
the energy level. This effect was already discussed when considering the relation (1.27)
in the previous chapter of the dissertation.

The INMCM scheme has the highest energy level, even higher than the scheme
with the two quadratic invariants ZE, see Table 1. This happens for two reasons. First,
it is practically energy-conserving. Second, the scheme dissipates enstrophy. The
combination of these two properties means that the scheme reduces the mean squared
wavenumber, i.e. it “models” the kinetic energy backscatter (KEB). A detailed analysis
of KEB is given in the next chapter of the dissertation 3.
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Table 1—Energy (E) and enstrophy (Z) levels, and also their fluxes ∂E/∂t, ∂Z/∂t.
E,Z are normalized by the DNS values. The fluxes are normalized by ε and k2fε.
Finite-difference schemes, 540× 540, small-scale forcing.

scheme E
∂E/∂t

Z
∂Z/∂t

scheme viscosity friction scheme viscosity friction

INMOM 64% 0% -38% -62% 71% 23% -110% -13%
INMCM 75% -0.33% -27% -72% 67% -32% -55% -12%

Z 64% -5% -34% -62% 66% 0% -84% -12%
E 49% 0% -53% -47% 86% 61% -145% -16%
ZE 66% 0% -37% -63% 75% 0% -87% -14%
DNS 100% 0% -4% -96% 100% 0% -83% -17%
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Figure 2.3—Energy spectrum for the semi-Lagrangian schemes in the experiment
with small-scale forcing; the forcing scale is shown by the dashed line; resolution

5402.

Semi-Lagrangian methods

Figure 2.3 shows the energy spectra for the semi-Lagrangianmethods. In the vari-
ables (u, p) these methods give results similar to those of the finite-difference schemes.
The difference consists in the additional dissipation, which is minimal for the hermite
scheme, see Figure 2.3(b).

The majority of semi-Lagrangian methods do not conserve the first moment. In
the case of the variables (u,p) this means violation of the conservation law for the in-
tegral momentum, while in the case of the variables (ψ,ω) it means violation of the
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conservation law for the integral vorticity. Among all the schemes presented in this
work, only the cubic and hermite schemes do not conserve the integral of the trans-
ported quantity. Among the semi-Lagrangian methods in the variables (ψ,ω), only the
conservative CCS scheme gives the correct asymptotics of the spectrum at large scales,
see Figure 2.3(a). The cubic and hermite schemes have a singularity at the wavenum-
ber k = 0: energy accumulates at large scales. The transfer of energy to large scales
turns out to be nonlocal in Fourier space and occurs immediately after the start of the
numerical experiment, unlike the conservative schemes. The generation of energy at
large scales can lead to serious violations of the energy balance in the system (see Ta-
ble 2, hermite), which remain when the resolution is doubled (figure not shown). We
attribute the generation of energy at large scales to the magnitude of non-conservation
of the integral vorticity: in [119] it is shown that the hermite scheme has significant
non-conservation of the integral of the transported quantity. To test our hypothesis, ex-
periments were carried out with upwind 2nd- and 3rd-order schemes, which showed
that the non-conservation of the integral vorticity leads to singularities at large scales
(figure not shown).

Table 2—Energy (E) and enstrophy (Z) levels, and also their fluxes ∂E/∂t, ∂Z/∂t.
E,Z are normalized by the DNS values. The fluxes are normalized by ε and k2fε.
Semi-Lagrangian methods, 540× 540, small-scale forcing.

scheme E
∂E/∂t

Z
∂Z/∂t

scheme viscosity friction scheme viscosity friction

vorticity–streamfunction variables
cubic 26% -64% -11% -25% 32% -77% -17% -6%
hermite 211% 110% -7% -203% 21% -85% -11% -4%
CCS 59% -27% -17% -57% 46% -59% -33% -8%

velocity–pressure variables
cubic 23% -68% -10% -22% 32% -80% -14% -5%
hermite 35% -53% -13% -34% 39% -69% -23% -7%
DNS 100% 0% -4% -96% 100% 0% -83% -17%
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2.4 Conclusions

In the problem of forced two-dimensional turbulence, the quality of the solu-
tion depends on the ratio between the scale of the external forcing and the step of the
computational grid. In the experiments with large-scale forcing, the effect of scheme
errors on the statistical characteristics of the large scales is insignificant. In the case of
small-scale forcing, all schemes reproduce the inverse energy cascade incorrectly. For
modelling the inverse cascade, two of the most well-known Casimirs turned out to be
key: the integral vorticity and the enstrophy. Control over these invariants is important
to limit the growth of large and small scales:

– Strong violations of the invariance of the integral vorticity lead to the genera-
tion of energy at large scales. The invariance is, in the main, violated through
small-scale variability, and this leads to the appearance of strongly Fourier-
nonlocal interactions between the small-scale and large-scale components of
the flow, which are absent in the original equations.

– The generation of enstrophy (for schemes with a single invariant—energy) cre-
ates an additional load on the numerical filter (biharmonic viscosity), as a re-
sult of which excessive dissipation of energy takes place. To restrict the small
scales, the INMCM scheme turns out to be useful, exhibiting selective prop-
erties with respect to the dissipation of invariants: it dissipates enstrophy but
approximately conserves energy.
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Chapter 3. Investigation of the influence of subgrid parameterizations on the
reproduction of the inverse energy cascade

In the previous chapter of the dissertation it was shown that, in forced two-dimensional
turbulence, the inverse energy cascade is weakened when the scale of the external forc-
ing is chosen in the short-wave range. It is known that the inverse energy cascade is
maintained by strongly nonlocal triadic interactions, in which flows comparable in scale
with the forcing scale transfer energy directly to large scales corresponding to the iner-
tial interval of the inverse energy cascade [28]. In the cited work the described physical
process is called “backscatter”. We shall use the definition “kinetic energy backscatter”
(KEB). For the explicit reproduction of KEB in numerical experiments it is necessary
that the forcing scale be well resolved on the computational grid. Otherwise, the men-
tioned triadic interactions will either be absent (insufficient resolution) or weakened
(low-order advection approximation).

In this chapter of the dissertation, an analysis is carried out of the interaction be-
tween flows resolved and unresolved on the computational grid of the coarse model,
taking into account the numerical approximation of advection, and spectral characteris-
tics are constructed describing how the unresolved flows redistribute the energy of the
resolved flows. The analysis is carried out on the trajectory of a high-resolution model
and is called a priori analysis. The forces with which the unresolved scales act on the
resolved ones are called subgrid forces. To model the energetic effect of the subgrid
forces, several KEB parameterizations are proposed.

The KEB defined above is a physical process that is observed in two-dimensional
turbulence but is absent in three-dimensional. The existence of KEB follows from two
fundamental properties of two-dimensional fluids: enstrophy must be redistributed to
small scales, while energymust be redistributed to large scales. If we denote the spectral
density of the energy influx from the subgrid forces at wavenumber k by S(k), then the
two properties mentioned (in the absence of energy sources at subgrid scales) can be
written as follows: ∫ kmax

0

S(k)k2 < 0, (3.1)∫ kmax

0

S(k)dk = 0, (3.2)
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where kmax is the maximum wavenumber resolved in the coarse model. From the in-
equality it follows that there exist wavenumbers for which S(k) < 0. From the equality
it follows that there exist wavenumbers for which S(k) > 0. As shown below, two
spectral intervals are usually observed: energy is dissipated by the subgrid forces near
the grid scale and is generated on the inertial interval of the inverse energy cascade.

According to [92], on the basis of the characteristic S(k) one can construct
an eddy-viscosity parameterization in which the viscosity coefficient depends on the
wavenumber:

S(k) = −2ν(k)k2E(k). (3.3)

In [92] it is shown that in three-dimensional turbulence ν(k) > 0, ∀k, while in two-
dimensional turbulence the eddy viscosity must be negative on large scales, ν(k) < 0.
In [120] it was first proposed to approximate ν(k) in two-dimensional turbulence by
means of a combination of two operators: the Laplace operator with negative viscosity
and the biharmonic operator. The viscosity coefficients of these operators were cho-
sen so that the total enstrophy influx from the complete subgrid model would be zero
(the case when the grid scale belongs to the inverse-energy-cascade interval was consid-
ered). An analogous idea was proposed in [68]; however, the ratio between the viscosity
coefficients was chosen so that the total energy influx from the complete subgrid model
vanishes (the case when the grid scale belongs to the direct-enstrophy-cascade interval
was considered). This way of tuning the KEB parameterization is called “energetically
consistent backscatter”. It is rather easy to estimate the energetic effect of such a pa-
rameterization as a function of resolution. Let the enstrophy flux through the cascade
be η. Then, together with enstrophy, the viscosity will dissipate energy in proportion
to ∼ η/k2max. That is, the energetic effect of the KEB parameterization will decrease
quadratically with resolution; analogous estimates are given in [68; 121].

Although KEB, as described above, exists only in two-dimensional turbulence,
the first works on constructing KEB parameterizations were carried out in three-
dimensional turbulence [40; 67; 70]. The energy exchange with the subgrid scales is
divided into forward and backward by means of an EDQNMmodel, with the backward
energy transfer corresponding to a stochastic parameterization, “stochastic backscat-
ter”. The stochastic return of energy occurs predominantly at small scales, with a spec-
tral density k4 in the case of three-dimensional turbulence and k3 in two-dimensional
[69]. The stochastic parameterization makes it possible to describe the growth of un-
certainty associated with the absence of information about the unresolved scales. Such
parameterizations can be used to construct ensemble weather-forecasting models, see
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[77]. According to the classical works [40; 67; 70], when stochastic KEB is added it is
necessary to increase the eddy viscosity. As a result, by construction, such a parame-
terization cannot redistribute energy across the wavenumber spectrum. In [43; 122] it
is shown that when quasi-two-dimensional flows are sufficiently chaotic, i.e. the mean
flows are weak, the addition of stochastic KEB indeed does not affect the distribution of
energy over scales. Nevertheless, in the case of significant mean flows, the stochastic
parameterization can contribute to the growth of unstable fluctuations [71] and accel-
erate the achievement of the statistically stationary regime of the solution [73].

Thus, for the reproduction of two-dimensional turbulence one can use two differ-
ent KEB parameterizations. The first redistributes energy across scales and participates
in maintaining the inverse energy cascade; we shall call it long-wave KEB. The second
takes into account the uncertainty associated with the absence of information about the
unresolved scales; we shall call it short-waveKEB. In this chapter we shall not consider
short-wave KEB parameterizations that mainly act on scales in the enstrophy interval.
Preliminary testing of such subgrid models has shown (see Appendix B) that they do
not have a substantial effect on the inverse energy cascade. This chapter is devoted
to constructing long-wave KEB parameterizations. It is shown that in homogeneous
isotropic turbulence the redistribution of energy can be carried out both in a determin-
istic and in a stochastic way. The question of the choice of the preferable form of the
KEB parameterization should be addressed either on the basis of analysis of the ensem-
ble of solutions or on the basis of analysis of experiments in which strong mean flows
are observed.

3.1 A priori analysis of subgrid forces

The dynamics of the two-dimensional fluid is described by the equations given
in the previous chapter, (2.1), (2.2). The experiment with small-scale forcing described
in Section 2.3.2 is considered. Below the definition of the subgrid forces is given and
their spectral properties are studied.

Following the large-eddy method (LES, [123]), we write the relation between the
fields of dynamical variables for the coarse model ωh and the high-resolution model
ω:

ωh ≡ ω, (3.4)
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where the overbar denotes the spectral filter, after the action of which only the Fourier
modes of the coarse model in the region of wavenumbers (−kmax,kmax]

2 remain
nonzero. By means of the discrete Fourier transform the functions ω can be uniquely
mapped to the grid of the coarse model N × N , N = 2kmax. Below we shall assume
that one can act on the functions ω both by the usual differential operators and by the
discrete operators of the coarse model; for details see [30].

In the a priori tests, among all the right-hand sides of equations (2.1) and (2.2)
we consider only advection. The high-resolution model is described by the equation

∂ω

∂t
= −J(ψ,ω), (3.5)

while the dynamics of the large scales (resolved on the coarse-model grid) obeys the
equation

∂ω

∂t
= −J(ψ,ω) = − Jh(ψ,ω)︸ ︷︷ ︸

scheme

+σ (3.6)

σ = −J(ψ,ω) + Jh(ψ,ω)︸ ︷︷ ︸
subgrid forces

, (3.7)

where Jh denotes the numerical discretization in the coarse model. In the variables
(u, p) the subgrid forces can be found in an analogous way:

∂u
∂t

= −(u · ∇)u = −[(u · ∇)u]h + σ (3.8)

σ = −(u · ∇)u+ [(u · ∇)u]h. (3.9)

The subgrid forces take into account both the scales unresolved on the grid and the
numerical-discretization errors:

σ = −(u · ∇)u+ (u · ∇)u︸ ︷︷ ︸
unresolved scales

−(u · ∇)u+ [(u · ∇)u]h︸ ︷︷ ︸
discretization errors

. (3.10)

The discretization errors are absent in the spectral scheme; however, for finite-
difference methods they can determine the form of the subgrid forces; for more details
see [30].
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3.1.1 Spectral characteristics of the subgrid forces

For the three finite-difference schemes (INMCM, INMOM, Z) an a priori analysis
on the trajectory of the DNS computation at the high resolution 2160×2160was carried
out (the viscosity coefficient was chosen so as to obtain the most extended enstrophy
interval). The resolution of the coarse model was chosen equal to 360×360, the forcing
scale kf = 90. Figure 3.1(a) shows the spectral density of the resolved advection for the
coarse models ⟨|(Jh(ψ,ω))k|2⟩ and the DNS computation ⟨|(J(ψ,ω))k|2⟩. The index
k denotes the Fourier transform, the angular brackets denote time averaging. From the
figure it is seen that on large scales the advection resolved by the coarse models is repro-
duced correctly, while on small scales strong differences from the DNS computation are
observed. Using the formula for the subgrid forces, σk = −(J(ψ,ω))k + (Jh(ψ,ω))k,
we obtain that on large scales the subgrid forces are small in amplitude, while on small
scales they dominate over the resolved advection. Analogous results are given in [124].
Such a distribution of the subgrid forces across scales is explained by the fact that the
maximum approximation errors of the advective terms fall on the small scales, where
the phase errors of the numerical discretizations predominate.

Although the amplitude of advection on large scales is reproduced correctly by
all the schemes, the equilibrium dynamics of models with low spatial resolution can
differ strongly from the dynamics of the DNS model. This happens because of the poor
description of the nonlocal triadic interactions.

Figure 3.1(b) shows the spectrum of energy generation by the subgrid forces
−2πkRe⟨ψ∗

kσk⟩. The generation and dissipation of energy by the subgrid forces (and,
correspondingly, of enstrophy) are separated in spatial scales. On the scales of the di-
rect enstrophy cascade (k > 90) the dissipation of a significant fraction of enstrophy
(90% of its influx due to the external forcing η) is observed, while on the scales of the
inverse energy cascade (k < 90) generation of energy is observed (50% of its influx
due to the external forcing ε). The unresolved generation of energy in the long-wave
range almost coincides for the three schemes under study and corresponds to long-wave
kinetic energy backscatter. The largest energetic contribution to KEB falls on the com-
pensation of the approximation errors of the scheme (35% of ε), and the remaining 15%
on the compensation of the interaction with the unresolved scales. The underestimated
generation of energy in the long-wave range decreases with increasing resolution (at the
resolution 720× 720 the generation amounts to 15% of the energy influx ε).
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Figure 3.1—Spectral distribution of the resolved advection (a) and spectral

distribution of the energy generation by the subgrid forces (b) for the three schemes
(INMOM, INMCM, Z) in the a priori test. DNS resolution 21602, coarse-model
resolution 3602; the forcing scale is shown by the dashed line. SKEBS denotes the
stochastic parameterization. The grey indicates the total generation of quadratic

invariants on the direct and inverse inertial intervals, normalized by the influx from
the external forcing.

As seen in the figure, the transfer of energy from the subgrid scales is strongly
nonlocal in Fourier space: the maximum of the energy generation falls approximately
on the middle of the inertial interval of the inverse energy cascade and makes a system-
atic positive contribution to the energy of the large-scale modes. The absence of this
contribution in models with a coarse grid leads to the decay of large-scale variability,
as shown in Section 2.3.2, see Figure 2.2(b).

3.1.2 Reproduction of KEB by the scale-similarity model

The spectrum of energy generation by the subgrid forces located on the inertial
interval of the inverse energy cascade can be reproduced bymeans of the scale-similarity
model [44], which has the following form:

∂ui
∂t

= · · · − Csim
∂

∂xj
(ũjui − ũjũi), (3.11)
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hereCsim is a dimensionless coefficient of order 1, (·) is the “base” filter defined above,
and (̃·) is the “test” filter applied to the coarse-model fields ui. The test filter is based
on a three-point stencil in each direction:

Fxi
(φ) = aφ(xi − hxi

) + (1− 2a)φ(xi) + aφ(xi + hxi
), (3.12)

where the coefficient a < 1/2 determines the filter width ∆F/hxi
=

√
24a [125]. The

test filter has the form

φ̃ = Fx2
(Fx1

(φ)) = Fx1
(Fx2

(φ)). (3.13)

Figure 3.2—Spectral distribution of the energy generation by the subgrid forces for
the INMOM scheme (black line), and also for the scale-similarity models that differ in

the width of the test filter ∆ and the constant Csim. DNS resolution 21602,
coarse-model resolution 3602.

As seen from Figure 3.2, the spectrum of energy generation by the subgrid forces
on large scales for the INMOM scheme (black line) is well reproduced by the scale-
similarity models (coloured lines) for various test-filter widths∆F = 1.5h, 2.0h, 2.5h,
with the proper choice of the constant Csim = 1.3, 0.8, 0.65. If the small scales are
filtered out in the model (3.11), then it can be used to describe KEB.

3.2 Subgrid parameterizations

In this section we describe the scheme-dependent subgrid parameterizations pro-
posed by us, based on the a priori analysis of the scheme errors. As the basic turbulence
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model we choose the biharmonic operator, as is done in the original formulation of the
problem (2.1), (2.2). The KEB parameterizations are tuned so as to reproduce the spec-
trum of energy generation by the subgrid forces on the inertial interval of the inverse
energy cascade, shown in Figure 3.1(b).

3.2.1 Stochastic parameterization

The stochastic KEB parameterization is based on an autoregressivemodel, as pro-
posed in [77]. The parameters of the model are chosen so as to reproduce the spectrum
of energy generation by the subgrid forces and to reproduce the characteristic times of
the subgrid forces, which depend on the modulus of the wavenumber (k).

The dynamical equation in Fourier space, taking into account a certain time ap-
proximation, has the following form:

ωn+1
k −ωn

k

∆t
= F n

k + snk , (3.14)

where F n
k denotes all the right-hand sides, including advection, viscosity and so on, and

snk is the stochastic parameterization. n is the time-step index. The stochastic tendency
will be modelled by an AR1 process [126]:

sn+1
k = βks

n
k + dkε

n
k ,

whereβk ∈ [0,1) is the decay coefficient, εnk is white noise in time with unit variance, dk
is the noise amplitude. Since homogeneous turbulence is characterized by statistically
independent Fourier coefficients, εnk are also chosen independent for each wave vector.
The covariance matrices have the form [126]:

⟨εmk εnk
∗⟩ = δm,n, ⟨smk snk

∗⟩ = βk
|m−n| d2k

1− β2
k

. (3.15)

Here ∗ denotes complex conjugation, and the angular brackets denote averaging over
realizations of the random process. From equation (3.15) one can obtain the correlation
time τk and the variance of the process snk :

τk =
∆t

1− βk
, ⟨snksnk

∗⟩ = d2k
1− β2

k

. (3.16)
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Let us estimate the energetic contribution from the stochastic forcing snk . Accord-
ing to [127; 128], the energy influx (Ek =

1
k2ωkω

∗
k/2) on a small time interval ∆t has

the following form:

k2
∆Ek

∆t
= Re (ωn

ks
n
k
∗) +

∆t

2
snks

n
k
∗. (3.17)

The right-hand side of this equation can be expressed through the properties
of the stochastic process by substituting the expression for the solution, ωn

k =

∆t
∑n−1

m=0 (s
m
k + Fm

k ). Assuming that ⟨Fm
k snk

∗⟩ = 0 (see also [77]), and perform-
ing the summation taking into account the form of the covariance matrix (3.15), we
obtain:

k2
〈
∆Ek

∆t

〉
= lim

n→∞
∆t

[
1
2
⟨snksnk

∗⟩+
n−1∑
m=0

⟨smk snk
∗⟩

]
=

∆t

2

d2k
(1− βk)

2 . (3.18)

The decay coefficient βk is chosen such that the correlation time τk coincides
with the time of exponential decay of the autocorrelation function of the subgrid forces.
The parameter τk depends on the wavenumber and decreases in the short-wave range.
The amplitude dk is chosen so as to equate the energy influx from the stochastic param-
eterization (3.18) with the influx from the subgrid forces on the inertial interval of the
inverse energy cascade: 〈

∆Ek

∆t

〉
= max

(
−Re⟨ψ∗

kσk⟩,0
)
. (3.19)

The amplitude of the stochastic parameterization is sufficiently small compared
with the amplitude of the resolved advection at large scales, see Figure 3.1(a), the green
line.

Let us denote by sω(x,t) the stochastic tendency in physical space. The tendency
in the velocity–pressure variables can be found as follows:

(su1 ,s
u
2) =

(
− ∂

∂x2
,
∂

∂x1

)
∆−1sω (x,t) . (3.20)

3.2.2 Negative-viscosity parameterization

Following [129], we write the linear eddy-viscosity model in Fourier space:

∂ωk

∂t
= · · · − ν (k) k2ωk, (3.21)
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where ν (k) is the wavenumber-dependent eddy viscosity. The energy influx due to this
parameterization has the form

∂Ek

∂t
= · · · − ν (k)ω∗

kωk.

Negative values of the viscosity (ν (k) < 0) describe energy generation. In order
to compare this parameterization with the stochastic one, the viscosity coefficient is
chosen as follows:

ν (k) = −
〈
∆Ek

∆t

〉
/ ⟨ω∗

kωk⟩ ,

where the spectrum of energy generation (
〈
∆Ek

∆t

〉
) and the solution spectrum (

〈
ω∗

kωk

〉
)

correspond to an a posteriori experiment with a coarse model driven by the stochastic
parameterization.

3.2.3 Scale-similarity model

In order to remove the dissipation of energy at small scales, the tendency of the
model (3.11) is additionally filtered by a spectral filter: Fourier coefficients with large
modulus of the wavenumber (k > 0.9kf ) are zeroed out. This filter is denoted by (̂·).
In the velocity–pressure variables the model has the form:

−Csim
∂

∂xj
(l̂uij), l

u
ij = ũjui − ũjũi. (3.22)

To construct the test filter, a = 1/6 is used in formula (3.12), which corresponds to the
filter width ∆F/h = 2.

In the streamfunction–vorticity variables themodel can bewritten in an analogous
way:

−Csim
∂

∂xj
(l̂ωj ), l

ω
j = ũjω− ũjω̃. (3.23)

The constant Csim was chosen so as to equate the total energy influx from this
parameterization with the energy influx from the stochastic parameterization. For the
schemes INMOM, INMCM, Z, CCS the following values of Csim were used, respec-
tively: 4.1, 1.5, 2.3, 2.6.
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3.2.4 Combined parameterization: stochastic + scale-similarity model

The combined model is a linear combination of (3.22), (3.23) and the stochastic
tendency (3.20):

Cstochs
u
i − Csimδxj

l̂uij, (3.24)

Cstochs
ω − Csimδxj

l̂ωj . (3.25)

The optimal choice of the parameters Cstoch and Csim is discussed below.

3.3 Numerical experiments

The numerical experiments with the coarse models are carried out analogously
to what is described in Section 2.3.2: at the resolution 360 × 360, biharmonic vis-
cosity ν = 2.13 · 10−9. For each numerical scheme (INMOM, INMCM, Z, CCS)
experiments without a KEB parameterization (“no backscatter”) and with one of the
following parameterizations were carried out: stochastic (“stochastic”) 3.2.1, negative-
viscosity (“negative visc.”) 3.2.2, scale-similarity (“similarity”) 3.2.3, combined model
(“stochastic+similarity”) 3.2.4. In all the experiments with the stochastic parameteriza-
tion the same spectrum of energy generation was used, corresponding to the Z scheme,
see Figure 3.1(b).

Figures 3.3 and 3.4 show the energy spectrum and the compensated energy spec-
trum (multiplied by ε−2/3k5/3) for the coarse models in comparison with the reference
computation (black line). The stochastic parameterization (red line) makes it possible to
recover the large scales (1 < k < 5); however, the intermediate scales (5 < k < 90) are
characterized by an underestimated energy level. Increasing the strength of the stochas-
tic parameterization leads to an even greater enhancement of the large scales, but the
intermediate scales remain practically unchanged.

The use of the negative-viscosity parameterization (yellow line) leads to analo-
gous results; however, one of the schemes (the Z scheme) turns out to be unstable: small
eddies on the scale of the external forcing grow without bound.

The scale-similarity parameterization does not supply enough energy to the large
scales, but effectively recovers the energy spectrum at intermediate scales (the cyan
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(a) (b)

(c) (d)

Figure 3.3—Spectral density of energy of the coarse models for four advection
schemes, (a) – INMOM, (b) – INMCM, (c) – Z, (d) – CCS. The black line corresponds

to the reference model.

Figure 3.4—The same as Figure 3.3, but the compensated energy spectrum
(multiplied by ε−2/3k5/3) is shown.

line in Figures 3.3 and 3.4). One can expect that the combined model will be able to
recover the spectral density of energy at large and small scales. The free parameters in
formulas (3.24) and (3.25) were chosen experimentally so as to achieve the best agree-
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ment between the energy spectrum of the coarse model and the reference model in the
wavenumber range (1 < k < 40). For the schemes INMOM, INMCM, Z, CCS the
following values of Cstoch and Csim were used: (1.25, 1.7), (0.79, 1.4), (0.76, 2.5) and
(0.43, 4.0). With this choice of coefficients, the total energy influx from the combined
model turns out to be practically equal to the total dissipation associated with the bihar-
monic viscosity (as in “energetically consistent KEB”, [68]). The use of the combined
model makes it possible to correctly reproduce the compensated energy spectrum (see
the green line in Fig. 3.4), which on the inertial interval of the inverse energy cascade
becomes comparable with the Kolmogorov constantCf ≈ 6±0.5 [130]. The analogous
characteristic when using the stochastic parameterization and the negative-viscosity pa-
rameterization turns out to be significantly underestimated (Cf ≈ 3 − 4, the red and
yellow lines in Figure 3.4).

Figure 3.5(a) shows a typical realization of the streamfunction in the reference
computation. The streamfunction in the coarse model (based on the INMOM scheme)
has practically zero large-scale component 3.5(b). The use of the stochastic parame-
terization and of the negative-viscosity parameterization improves the structure of the
flows, see Fig. 3.5(c),(d). The best agreement in the large-scale structure of the flows
is observed for the combined model 3.5(e).

(a)

(b) (c)

(d) (e)

Figure 3.5—Instantaneous streamfunction of the reference model (a), and of the
coarse model with the INMOM scheme without KEB parameterization (b), stochastic

parameterization (c), negative-viscosity parameterization (d), combined
parameterization (e).

The autocorrelation functions of the solutionωk and of the advection (u∇ω)k at
the wavenumber k = 30, which corresponds to intermediate scales, are shown in Fig-
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(a) (b)

Figure 3.6—Autocorrelation functions of the Fourier coefficients of the solution (a)
and of the advection (b) at wavenumber 30, coarse model with the INMOM scheme.

Table 3—Relative error in the mean streamfunction, given in two norms.
||⟨ψ⟩ − ⟨ψDNS⟩||∞/||⟨ψDNS⟩||∞ ||⟨ψ⟩ − ⟨ψDNS⟩||2/||⟨ψDNS⟩||2
INMOM INMCM Z CCS INMOM INMCM Z CCS

no backscatter 0.83 0.47 0.68 0.58 0.44 0.30 0.39 0.37
stochastic 0.13 0.08 0.09 0.10 0.13 0.11 0.10 0.11

negative viscosity 0.17 0.09 unst. 0.11 0.19 0.13 unst. 0.14
stochastic+similarity 0.07 0.08 0.05 0.05 0.11 0.10 0.07 0.08

(a) (b)

(c) (d) (e) (f)

Figure 3.7—Steady external forcing (a) represented by a streamfunction, mean
streamfunction of the reference model (b). Error in the mean streamfunction of the

coarse model (INMOM scheme): (c) – without KEB parameterization, (d) – stochastic
parameterization, (e) – negative-viscosity parameterization, (f) – combined

parameterization.
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ure 3.6. The use of the parameterizations makes it possible to reduce the characteristic
times of variability, and the best agreement with the reference computation is observed
for the combined model.

For climate-modelling problems an important property is the correct description
of the sensitivity to a steady external forcing in the coarse model. To compare the
sensitivity characteristics, we add to the right-hand side of the dynamical equations a
steady forcing that is sufficiently small from the point of view of the systematic energy
influx:

∂ω

∂t
= · · ·+ 0.09 · exp(−70 · [(x1 − π)2 + (x2 − π)2]). (3.26)

The response of the system to the forcing (3.26) consists in the formation of a
mean flow. The mean flow was found by averaging over a period of 24000 time units.
The streamfunction of the external forcing (a), the mean flow in the reference model
(b) and the errors in the mean for the coarse models (c–f) are shown in Figure 3.7.

The coarse models without a parameterization (Figure 3.7(c)) give errors com-
parable with the response of the reference model (see the error norms in Table 3). The
use of the stochastic parameterization decreases the error (Fig. 3.7(d)). The error when
using the negative-viscosity parameterization turns out to be larger compared with the
stochastic parameterization (Fig. 3.7(e)). The minimum errors correspond to the com-
bined parameterization (Fig. 3.7(f)).
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3.4 Conclusions

In this chapter of the dissertation an a priori analysis of the subgrid forces in the
problem of forced turbulence is carried out, with the choice of the external forcing near
the grid scale. The analysis is carried out taking into account the numerical advection
schemes. It is shown that the subgrid forces exert a systematic energetic action on
the scales of the inertial interval of the inverse energy cascade. The underestimated
generation of energy in the long-wave range almost coincides for the three second-
order finite-difference schemes under study, which makes it possible to use the same
parameterizations for all the schemes considered. Tomodel the energetic action, several
long-wave KEB parameterizations were tuned. It is shown that such parameterizations
are capable of improving the reproduction of the spectral density of energy at large and
intermediate scales and of the autocorrelation functions of the solution. As expected,
in the absence of mean flows the stochastic parameterization and the negative-viscosity
parameterization give analogous results. Differences are observed in the reproduction
of themean flow (sensitivity to the external forcing). Also, the negative-viscositymodel
can be numerically unstable. It is shown that KEB can be reproduced by means of the
scale-similarity model, which leads to a better reproduction of the intermediate scales.

A stochastic parameterization exciting flows on the interval of the enstrophy cas-
cade (short-wave KEB) does not make it possible to improve the reproduction of the
inverse energy cascade (see Appendix B).

We note some drawbacks of the scale-similarity model which prevent its appli-
cation in more realistic problems (the model is not presented in Chapter 5, where the
NEMO ocean model is investigated). For modelling KEB with this model, the con-
struction of a selective short-wave filter is required. For real-ocean models with lateral
boundaries it would be necessary to construct such a filter in physical space, which is
computationally expensive. In addition, when filtering, the problem arises of setting
the lateral boundary conditions. Another requirement for the successful application of
the model is the presence of an extended inertial interval of the inverse energy cascade,
which is not always realized in models of real geophysical flows.
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Chapter 4. Investigation of the influence of subgrid parameterizations on the
reproduction of barotropic instability

The previous chapter was devoted to the investigation of subgrid parameterizations in
the problem of modelling homogeneous isotropic two-dimensional turbulence. Geo-
physical flows observed in the atmosphere and ocean consist of mean flows and tur-
bulent fluctuations, and subgrid eddies act on both components of the resolved flows.
According to [75], the parameterizations constructed in the previous chapter describe
the interaction of subgrid turbulent fluctuations with the resolved ones, “eddy–eddy
interactions”. In the same work it was also proposed to model separately the action
of subgrid fluctuations on the resolved mean flows (“eddy–meanfield interactions”) by
means of a deterministic eddy-viscosity operator. From the distribution of eddy viscos-
ity over wavenumbers it follows that, as in “eddy–eddy” interactions, the eddy viscosity
in “eddy–meanfields” interactions is positive at small scales and negative at large ones,
with the values of the viscosity being 1.5–2 times smaller than for “eddy–eddy” interac-
tions. In [71; 72] it is pointed out that stochastic subgrid parameterizations can initiate
the growth of the instability of the mean flow, thereby contributing to the conversion of
the kinetic energy of the mean flow into turbulent kinetic energy.

From the above it follows that subgrid parameterizations can be useful also in
problems with a strong mean flow. In this chapter we consider the limiting case in
which at the initial moment in time the solution is represented by an unstable stationary
barotropic jet flow. Such a problem makes it possible to study the properties of subgrid
parameterizations in the case when the turbulent fluctuations have a special form: they
are described by equations linearized about the mean flow, and the modes of barotropic
instability can be found by spectral analysis. The development of barotropic instability
is considered in the statistical sense: an ensemble averaging is performed over realiza-
tions of the external stochastic forcing that models the action of mesoscale atmospheric
flows on the jet flow in the ocean. The quality of the subgrid parameterizations is
assessed by how well the coarse model reproduces the energy of the fluctuations as-
sociated with the barotropic-instability modes. The subgrid closures are applied to the
whole flow without separating it into mean and fluctuation components, since in realis-
tic problems such a separation is not always possible. The subgrid parameterizations in
this chapter are applied to the full flow. In contrast to the previous chapter, all parame-
terizations are constructed without using the Fourier transform. The negative-viscosity
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model and the stochastic model are tuned so as to compensate the dissipation associated
with the biharmonic viscosity (“energetically consistent KEB”). In contrast to the pre-
vious chapter, the scale-similarity model is applied without an additional spectral filter.
The investigation of Hadamard well-posedness for the negative-viscosity parameteri-
zation is given in Appendix C.

4.1 Equations and model parameters

Consider equations analogous to (2.1) on the square Ω = [0,2π)2 with periodic
boundary conditions:

∂u
∂t

+ (u · ∇)u = −∇p+ D+ F, (4.1)

∇ · u = 0, (4.2)

where D is the small-scale dissipation provided by the eddy-viscosity model, and F
is the external stochastic forcing. For numerical discretization the INMOM scheme
described in Chapter 2.2.1 is used.

As the initial condition we take the unstable jet flow proposed in [131] with small
modifications:

ux|t=0 = exp
(
π2

2σ2

)
· exp

[
π4

2σ2
· 1

y · (y − 2π)

]
, (4.3)

uy|t=0 = 0. (4.4)

The spatial mean is subtracted (not shown in the formula). The velocity field (4.3) is
infinitely differentiable in Ω and is defined to be zero on the boundaries y = 0, y = 2π.
In the centre of the channel (y = π) the velocity takes its maximum value, equal to

1, and can be approximated by a Gaussian with variance σ2: exp
[
π4

2σ2 · 1
y·(y−2π)

]
=

exp
[
− π2

2σ2 −
1

2σ2 (y − π)
2 +O((y − π)4)

]
.
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4.1.1 Eddy-viscosity model and external forcing

We use the eddy-viscosity model (EVM) [132] based on the biharmonic operator,

Di = −2 · ∂

∂xj
(ν∆Sij), (4.5)

with the Smagorinsky viscosity coefficient ν = Csmagh
4|S|, Csmag = 0.06 [82]. Here

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
is the strain-rate tensor, and |S| =

√
2SijSij is its modulus.

The external forcingF imitates the influence of the atmosphere on the ocean in the
mesoscale atmospheric range, where the slope of the energy spectrum is −5/3, [133].
At each time step we generate the streamfunction of the “atmospheric flow” ψF (x,y)

in Fourier space with the following distribution of energy (E = −1
2

∫
⟨ψF∆ψF ⟩dΩ =∫

E(k)dk) over wavenumbers: E(k) = k−5/3 exp[−(k/kF )8], where kF is the cut-off
wavenumber introduced to ensure rapid convergence of the statistical characteristics
with increasing resolution. The Fourier coefficients of the random field ψF are statis-
tically independent white noises with discrete time. The force with which the “atmo-
spheric” flow acts on the fluid is chosen by the “bulk” formula: fi = uFi |uF |, where
uFi is the velocity corresponding to the streamfunctionψF . After subtracting the spatial
mean and the divergent component, we obtain the field f̃i. The numerical integration
of the external forcing is performed by the Euler method. In this case we have a simple
formula for the energy influx [127]:

Fi = Af̃i, (4.6)

⟨∂|u|
2/2

∂t
⟩ = · · ·+ ∆t

2
⟨F 2

1 + F 2
2 ⟩ = · · ·+ A2∆t

2
⟨f̃ 2

1 + f̃ 2
2 ⟩, (4.7)

where A is the amplitude of the external forcing, and the brackets ⟨·⟩ denote averaging
over the ensemble.

4.1.2 Experiment parameters

The equations (4.1), (4.2) are integrated up to t = 25 for an ensemble consisting
of 100 realizations of the stochastic external forcing. The amplitude A is chosen such
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that over the entire computation time the influx of energy from the external forcing
is equal to 1% of the energy of the initial state. The reference model has resolution
512 × 512. A model with intermediate resolution (128 × 128) is used to demonstrate
the convergence of the statistical characteristics. The subgrid parameterizations are
analysed for coarse-resolution models (32× 32, 64× 64). The maximum wavenumber
for the coarsest model is 16. The external forcing (F) and the initial conditions (4.3)
are well resolved on the computational grid. The cut-off wavenumber of F is kF = 8.
The width of the initial jet is 2σ = 1/2. Taking into account the Fourier transform of
the Gaussian distribution, |F(ux|t=0)|2 ∼ exp[−k2yσ

2], the wavenumber of exponential
decay of the Fourier coefficients of the jet is ky = 4.

4.2 Statistical characteristics of barotropic instability

The stochastic forcing F makes it possible to introduce averaging over the en-
semble of realizations, denoted by angular brackets. Then the Reynolds decomposition
has the form:

u = ⟨u⟩+ u′, (4.8)

where ⟨u⟩ is the mean flow and u′ are the turbulent fluctuations. As a statistical char-
acteristic of the arising turbulent fluctuations we choose the energy of the growing un-
stable modes of the barotropic instability.

To find the unstable modes, let us pass to the representation of equations (4.1),
(4.2) in terms of the streamfunction:

∂ψ

∂t
+∆−1J(ψ,∆ψ) = fψ, (4.9)

where J(ψ,∆ψ) = −∂ψ

∂y

∂∆ψ

∂x
+

∂ψ

∂x

∂∆ψ

∂y
is the Jacobian, and fψ is the stochastic

forcing F in the streamfunction representation. Let us linearize about the initial flow
(4.3), (4.4), which in terms of the streamfunction we denote by ψ0(y):

∂ψ′

∂t
= A(y)ψ′ + fψ, (4.10)

where A(y) =
[
∆−1

(dψ0(y)

dy
∆− d3ψ0(y)

dy3

) ∂

∂x

]
ψ′. It is assumed that the Laplace op-

erator acts on the subspace of functions with zero mean value, on which it is invertible.
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4.2.1 Numerical solution of the eigenvalue problem
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Figure 4.1—Eigenvalues of the matrix H for kx = 1 for various Ny.

Let us start with the eigenvalue problem A(y)Ψ(x, y) = λΨ(x, y), which can be
simplified taking into account that A(y) does not depend on x. Separating variables,
Ψ(x, y) ≡ Ψ(y)eikxx, where i is the imaginary unit, kx ∈ Z \ 0 (kx = 0 corresponds
to trivial stationary modes), we arrive at the one-dimensional eigenvalue problem for
Ψ(y):( d2

dy2
− k2x

)−1(dψ0(y)

dy

( d2

dy2
− k2x

)
− d3ψ0(y)

dy3

)
ikxΨ(y) = λΨ(y). (4.11)

The eigenvalue problem (4.11) is solved numerically. We introduce a uniform
grid along the y direction with Ny nodes and step hy = 2π/Ny. The node coordinates:

yj = jhy, j = 0,Ny − 1. (4.12)

The finite-difference approximation of the operator
d2

dy2
is represented by the matrix

L. E is the identity matrix. The matrices M1 and M2 are defined as follows: M1 =

diag
(dψ0(y)

dy

∣∣∣
yi

)
andM2 = diag

(d3ψ0(y)

dy3

∣∣∣
yi

)
. Then the finite-difference analogue of

(4.11) has the form:

H(kx)Ψ = λΨ, Ψ ∈ CNy , H(kx) ∈ CNy×Ny , (4.13)

where the matrix H depends on kx in the following way:

H(kx) = (L− k2xE)−1(M1(L− k2xE)−M2)ikx. (4.14)
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For kx ∈ N we solve the full eigenvalue problem (4.13). The convergence of the lead-
ing eigenvalues, that is, max(Re(λ)), with respect to the number of grid nodes Ny is
shown in Figure 4.1 for kx = 1. For other kx analogous figures are obtained. Eigen-
values with Re(λ) > 0 are separated from the rest of the spectrum and are therefore
simple eigenvalues. Due to the special structure of the matrix H (Re(H) = 0), these
eigenvalues come in pairs: HΨ = λΨ and HΨ = −λ Ψ (the overbar denotes complex
conjugation), and this is seen in Figure 4.1. The eigenvectors of the matrix H(−kx)

coincide with the eigenvectors of the matrixH(kx), while the eigenvalues change sign.
The real-valued unstable mode has the form:

Ψ(y)eikxxeλt +Ψ(y)e−ikxxeλt ≡ 2Re(Ψ(y)eikxxeλt). (4.15)

The unstable modes are computed on a grid with Ny = 2048 nodes. Among all
kx ∈ N, the spectrum of A(y) has 8 growing (Re(λ) > 0) modes. The growth rates of
the energy (2Re(λ)) are given in Table 4. The modes most developed in the numerical
experiments are shown in bold and depicted in Figure 4.2. Below we shall distinguish
these modes either by wavenumbers (kx = 1,2,3) or by ordinal numbers (the 1st, 2nd,
3rd mode).

Table 4—Energy growth rates of the unstable modes for various kx.
kx 1 2 3 4 5

2Re(λ)
0.5704
0.2732

0.9861
0.3414

1.0539
0.0864

0.7949 0.2682

k
x
= 1 k

x
= 2 k

x
= 3

Figure 4.2—The unstable modes of the operator A(y) most developed in the
numerical experiments, in the vorticity representation (real part). Negative values are

shown in black, positive in white.
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4.2.2 Definition of the energy of the unstable mode

The numerical solutions of the nonlinear equations (4.1), (4.2) are decomposed
into the mean flow and the fluctuations about it according to the decomposition (4.8).
The fluctuations ψ′ are expanded in the basis of eigenfunctions of the operator A(y):

ψ′ =
∑
i

αiΨi(x,y). (4.16)

Since the basis is non-orthogonal, to perform the projection onto the unstable mode
Ψi(x,y) we use the scalar product with the left eigenvector of the matrix H(kx). The
expression for the energy of the unstable mode has the form:

Ei =
|α2

i |
2

∫
|2Re(∇Ψ)|2dΩ. (4.17)

4.2.3 Growth of the unstable mode in the presence of external stochastic forcing

Projecting the solution of equation (4.10) onto the subspace spanned by the un-
stable mode, we arrive at the following equation for the amplitude of the unstable mode
α:

dα = λαdt+ σdW, α(0) = 0, (4.18)

where σdW is the projection of the stochastic forcing fψ onto the subspace, σ > 0,
W is a complex Wiener process, i.e. ⟨dWdW ⟩ = dt. Solving (4.18) for the growing
modes (Re(λ) > 0), we obtain the following expression for α [134]:

⟨|α(t)|2⟩ = σ2

2Re(λ)
(e2Re(λ)t − 1). (4.19)

Let us define the ensemble-averaged energy of the unstable mode Ψ(x, y),

⟨E⟩ = ⟨|α|2⟩
2

∫
|2Re(∇Ψ)|2dΩ (4.20)

and the generation of energy of the unstable mode due to the stochastic forcing, ε =
σ2

2

∫
|2Re(∇Ψ)|2dΩ. Then for the ensemble-averaged energy of the unstable mode we

have the following expression:

⟨E(t)⟩ = ε

2Re(λ)
(e2Re(λ)t − 1). (4.21)
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From the formula it follows that under the action of the external forcing F the energy
of the unstable mode grows with the increment 2Re(λ), with the pre-exponential factor
proportional to the power of the forcing, ε.

4.2.4 Overview of the computational results at various resolutions

This section shows how the coarse-resolution models reproduce the barotropic
instability.

5122, t = 10.0 5122, t = 12.0 5122, t = 17.0

322, t = 10.0 322, t = 12.0 322, t = 17.0

 t = 0.0

Figure 4.3—Vorticity at different moments in time. Reference model (5122) on top,
coarse model (322) below. Negative values in black, positive in white.

The equations (4.1), (4.2) are solved numerically, the parameters are given in
Section 4.1.2. The solutions for the reference (5122) and coarse (322) models for two
different realizations of the external forcing F are shown in Fig. 4.3. The stochastic
forcing excites the unstable modes, which grow exponentially up to t ≈ 10.0 (in the
reference model), after which a transition to the turbulent regime occurs. In the coarse
model (322) the growth of the instability is slowed down, since a larger-scale mode
with a smaller growth increment turns out to be the most developed. We note that the
eddy-viscosity model (EVM) strongly smooths the jet flow.

Figure 4.4 shows the energy of the fluctuations (a) and the energy of the unstable
modes (b–d) in % of the initial energy of the jet. As the resolution is increased, these
statistical characteristics converge.

Let us first describe the results for the reference model (5122). The observed
growth increment of the energy agrees with the theoretical one. The vertical shift of the
section of linear growth (on a logarithmic scale) is determined by the incoming power
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Figure 4.4—Kinetic energy of the fluctuations (a) and energy of the unstable modes
kx = 1,2,3 respectively (b), (c), (d), in % of the initial energy of the jet. The red line
corresponds to the computation at resolution 322 with the eddy viscosity switched off.

of the external forcing (see formula (4.21)). At the moment of transition to the turbulent
regime, the second and third modes, which have the maximum increment, turn out to
be the most developed.

The coarse-resolution models (322, 642) demonstrate an underestimated level of
fluctuation energy, see Fig. 4.4 (a). This is explained by the slowing down of the growth
of the second and third modes, see Fig. 4.4 (c,d). Let us consider two reasons for this
slowing: the action of the eddy-viscosity model (EVM) and the numerical approxima-
tion errors. In order to exclude the influence of the EVM, a computation with an inviscid
fluid was carried out, the red line in the figures. From the figures it follows that the de-
cisive role in the slowing of the growth is played by the eddy-viscosity model, which
can act on the system in two ways: smooth the mean flow and modify the linearized
system. Additional experiments with the linearized model showed that the smoothing
of the mean flow is of decisive importance.
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4.3 Models of subgrid two-dimensional turbulence

4.3.1 Negative-viscosity model

According to [68], let us consider a term added to the right-hand side of equation
(4.1):

µ(t)∆u, (4.22)

where µ(t) < 0 is chosen at each time step so as to compensate the energy dissipation
by the EVM: ∫

D · u dΩ + µ(t)

∫
∆u · u dΩ = 0, (4.23)

D was defined in (4.5).

4.3.2 Stochastic model

At each time step, two random fields with uniform distribution on (0,1) are gen-
erated, s = (s1, s2). From each field the spatial mean is subtracted, after which the
divergent part is subtracted. Then a spatial filter is applied 6 times, defined in formula
(3.13) with parameter a = 1/6. The spatial filtering of the stochastic tendency was
proposed in [72; 84]. This number of filter applications makes it possible to choose the
scale of the maximum spectral density to be approximately 5 grid steps. We denote by
(s̃1, s̃2) the stochastic tendency after all the indicated operations.

The amplitude of the stochastic forcing A is chosen so as to compensate the dis-
sipation of the EVM: ∫

D · u dΩ + |Ω|A
2∆t

2
⟨s̃21 + s̃22⟩ = 0, (4.24)

where |Ω| = 4π2 is the area of the domain.
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4.3.3 Scale-similarity model

The scale-similarity model (SS) has the form [44]:

−Csim
∂

∂xj

(
ûiuj − ûiûj

)
, (4.25)

where (̂·) denotes one application of the filter (3.13) with parameter a = 1/6, Csim = 3.

4.3.4 Comparative analysis of the parameterizations

In contrast to the previous chapter, where each subgrid model modelled KEB, in
the present problem the parameterizations act on the mean flow and on the fluctuations
in different ways.

The stochastic model does not modify the mean flow or the linearized system, but
excites the unstable modes, i.e. it increases the pre-exponential factor in formula (4.21).
Nevertheless, a multitude of modes that are not developed in the original formulation
of the problem is excited.

The negative-viscosity model, like the eddy-viscosity model, acts predominantly
on themean flow. Energy is returned to themean flow, as a result of which its smoothing
is prevented.

The scale-similarity model does not influence the mean flow, since (4.25) is equal
to zero for ui = U(y)δi,1, where δi,j is the Kronecker symbol. However, the model
modifies the linearized system and, as will be shown in the numerical experiments,
increases the growth increments of the energy of the unstable modes.

4.4 Numerical experiments

In the figures the following notation is used: “bare” denotes the model without an
additional subgrid parameterization, “neg.visc” denotes the negative-viscosity model,
“SS” denotes the scale-similarity model, “negvisc+SS” denotes the combination of the
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negative-viscosity model and the scale-similarity model, “stoch” denotes the stochastic
parameterization.

The results for the 322 model with the parameterizations are shown in Fig. 4.5.
The negative-viscosity and scale-similarity parameterizations make it possible to in-
crease the growth increments of the energy of the 2nd and 3rd unstable modes in an
analogous way. The growth of the 1st mode is better reproduced by the model with the
scale-similarity parameterization. Since these parameterizations act on the mean flow
and on the fluctuations differently, they can be applied together. The combined model
(neg.visc + SS) substantially improves the fluctuation energy and the energy of the 1st
and 2nd modes; nevertheless, the 3rd mode still remains insufficiently developed. As
follows from Figure 4.6, the combined model significantly improves the spatial struc-
ture of the solution.

The results for the model with resolution 642 are shown in Fig. 4.7. The determin-
istic models (neg.visc, SS, neg.visc. + SS) practically do not change the energy of the
1st and 2nd modes. The reproduction of the 3rd mode is significantly improved by the
models based on the scale-similarity model. As seen in Fig. 4.7 (b–d), the stochastic pa-
rameterization modifies the pre-exponential factors (vertical shift). This effect indeed
makes it possible to accelerate the onset of the turbulent regime; however, a multitude
of modes that do not arise in the reference solution is excited, see the fluctuation energy
in Figure 4.7 (a). At resolution 322 this effect is manifested even more strongly. As a
result, one can conclude that the strength of the stochastic parameterization turns out to
be too large for this experiment.
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Figure 4.5—Kinetic energy of the fluctuations (a) and energy of the unstable modes
kx = 1,2,3 respectively (b), (c), (d), in % of the initial energy of the jet. The results are
shown for the models at resolution 322. The black line is the reference computation

for the model at resolution 5122.

t = 10.0 t = 12.0 t = 17.0

Figure 4.6—Vorticity at different moments in time. Model at resolution 322 with the
combined (neg.visc. + SS) parameterization. Negative values are shown in black,

positive in white.
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Figure 4.7—Analogous to Figure 4.5, but for resolution 642. The additional cyan line
corresponds to the stochastic parameterization.
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4.5 Conclusions

Barotropic instability is reproduced incorrectly by the coarse models: larger-
scale unstable modes are excited than in the reference computation. The main rea-
son for the suppression of the small-scale modes is the smoothing of the mean flow
by the eddy-viscosity model. It is shown that the subgrid parameterizations that were
tuned in the previous chapter to model KEB can be applied in a problem with a strong
mean flow. The three parameterizations (stochastic tendency, negative-viscosity model,
scale-similarity model) act differently on the mean flow and on the fluctuations in the
problem of modelling barotropic instability.

The stochastic model excites the unstable modes but does not change the mean
flow or the linearized system. It is capable of advancing the moment of onset of turbu-
lence; however, the strength of such a parameterization turns out to be too large.

The negative-viscosity model contributes to the preservation of the energy of the
mean flow, which prevents its smoothing by the eddy-viscosity model. This effect leads
to the increase of the growth increments of the unstable modes, as a result of which the
moment of onset of turbulence is advanced.

The scale-similarity model modifies the linearized system, which leads to an in-
crease of the growth increments of the unstable modes, as a result of which the moment
of onset of turbulence is advanced.

The negative-viscosity and scale-similarity models can be applied together, since
they act independently on the mean flow and on the fluctuations, respectively.
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Chapter 5. Subgrid parameterizations in the Double Gyre model configuration of
the NEMO ocean model

The greater part of the kinetic energy of oceanic flows is represented by the eddy ki-
netic energy [10]. “Eddy-permitting” ocean models only partially resolve the scale of
baroclinic instability (the internal Rossby radius of deformation), as a result of which
the density of kinetic energy turns out to be underestimated on all scales compared to
eddy-resolving models [13]. In the cited work two main reasons for the insufficient
development of mesoscale eddies are identified: the conversion of available potential
energy into kinetic energy is weakened and the inverse cascade of kinetic energy is
weakened. As shown in Chapter 3, KEB parameterizations are capable of restoring the
redistribution of kinetic energy into large scales.

In this chapter, KEB parameterizations in the primitive equations of the ocean
are considered on the basis of the NEMO model [85]. As the model configuration, the
Double Gyre configuration is chosen. To improve the dynamics of the eddy-permitting
model (1/4o), two parameterizations are constructed: negative viscosity and stochas-
tic tendency. Both parameterizations modify the evolution equation of the horizontal
velocity. The parameterizations belong to the “energetically consistent KEB” class,
i.e. they compensate the dissipation caused by the biharmonic viscosity. The local bal-
ance between generation and dissipation for the negative-viscosity parameterization is
achieved by introducing an additional equation for the subgrid kinetic energy [82], and
for the stochastic parameterization by multiplying the stochastic tendency by the square
root of the local energy dissipation [77]. The investigation of Hadamard well-posedness
for the negative-viscosity parameterization is given in Appendix C. In this chapter it is
shown that such parameterizations are capable of restoring the eddy activity, in par-
ticular, the amount of eddy kinetic energy and the eddy heat flux. Improvements are
also found in the mean fields: sea-surface temperature and the streamfunction of the
meridional overturning circulation.

In this chapter the free parameters of the parameterizations are chosen so as to
achieve the best agreement between the eddy-permitting and eddy-resolving models.
The spectral analysis of the constructed parameterizations and the comparison with the
spectral characteristics of the subgrid forces are given in the next chapter of the disser-
tation.
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5.1 The Double Gyre configuration

Figure 5.1—Instantaneous field of relative vorticity in units of the Coriolis parameter
(f ). March 30 after the model spin-up. R4 is the eddy-permitting model, R9 is the
eddy-resolving model, R4 negative viscosity and R4 stochastic are eddy-permitting
models with KEB parameterizations. The colour scale saturates at the values ±0.5.

The white square is explained in Figure 5.10.

We use the NEMO ocean model (version 3.6) [85] in the Double-Gyre configu-
ration, which is described in [135]. The model is based on the primitive equations of
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the ocean (vectors are denoted in bold):

dT

dt
= FT ,

dS

dt
= FS, (5.1)

∂Uh

∂t
+ advh + corh = − 1

ρ0
∇hp+ FUh

, (5.2)

∂η

∂t
= −H∇hUh, (5.3)

∂p

∂z
= −ρg, ∇ · U = 0, (5.4)

ρ = ρ0(1− a(T − T0) + b(S − S0)), (5.5)

where T,S,U,η,ρ,p are temperature, salinity, velocity, free-surface elevation, density
and pressure; Uh is the horizontal part of the velocity, and Uh is its vertical aver-
age. FT ,FS,FUh

are external forcings and physical parameterizations. The Lagrangian
derivative is denoted by d

dt = ∂
∂t + (U · ∇), ∇ = (∂x,∂y,∂z), and its horizontal part

by ∇h = (∂x,∂y) . The exact expressions for the advection and Coriolis force (advh
and corh) are given in [85]. For scalar and momentum advection, respectively, a TVD
scheme and an energy-conserving scheme in vector-invariant form are used, see [85].
In our configuration the free-surface equation (5.3) and the equation of state (5.5) are
linear. The parameters of the equation of state are as follows: ρ0 = 1026 kg · m−3,
a = 2 · 10−4 K−1, b = 7.7 · 10−4psu−1, T0 = 10Co, S0 = 35psu. The computational
domain is rectangular with a flat bottom, Lx×Ly ×Lz = 3180 km× 2120 km× 4 km.
For the Coriolis force the beta-plane approximation is used, β = 1.8 · 10−11 m−1 · s−1.
The horizontal boundary conditions are as follows: free slip (the relative vorticity is
zero on the boundary), zero heat and salt fluxes through the horizontal boundary. The
bottom friction is described by a quadratic law. The centre of the computational domain
corresponds to ∼ 30oN , with the computational domain rotated by 45o with respect to
the zonal direction. We note that the metric terms corresponding to the spherical geom-
etry are absent. In latitude–longitude coordinates the computational domain is shown
in Figure 5.1.

The following boundary conditions are set on the free surface. The zonal wind,
which has the maximum eastward speed at latitude 36oN and the maximum westward
speed at 22oN . The heat flux from the atmosphere into the ocean is expressed by the
formula Q = γ (Tatm − TSST ), where TSST and Tatm are the near-surface temperature
of the ocean and of the atmosphere respectively, γ = 40 W · m−2 · K−1. The solar-
radiation flux and the fresh-water flux are also specified. The external forcings depend
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Table 5—Parameters of the R1 (non-eddy-resolving), R4 (eddy-permitting), R9
(eddy-resolving) models. The turbulent diffusion in the R1 model acts along the
isoneutral direction. All other diffusion and viscosity operators are horizontal.

R1 R4 R9

nx × ny × nz 30× 20× 30 120× 80× 30 270× 180× 30

grid step 1o, 106 km 1/4o, 26.5 km 1/9o, 11.7 km
time step 120 min 30 min 800 s
diffusion ∇2

h, 103 m2/s ∇4
h, −1010 m4/s ∇4

h, −109 m4/s
viscosity ∇2

h, 105 m2/s ∇4
h, −5 · 1011 m4/s ∇4

h, −5 · 1010m4/s

on the latitude and on the season and are given in [135]. The internal Rossby radius of
deformation is equal to 50 km in the south and 15 km in the north.

We consider models at three uniform spatial resolutions. The experiment param-
eters are given in Table 5. The initial velocity field in the R1 model is zero, and the tem-
perature and salinity have a vertical profile applied throughout the entire computational
domain [135]. First the R1 model is run for 1000 years, then the computation continues
in the R4 and R9 models for 120 years. The last 20 years are used for the analysis of
the statistical characteristics of the solution. The diffusion and viscosity coefficients in
the R1 and R9 models are taken from [135]. The choice of these coefficients in the R4
model is discussed below.

5.2 Subgrid parameterizations

5.2.1 Negative-viscosity model

This parameterization supplements the biharmonic viscosity in equation (5.2)
with an additional term in the form of viscosity with a negative coefficient, which re-
turns energy, as proposed in [68]:

∂Uh

∂t
= . . .ν4∇4

hUh +∇h (ν2∇hUh) . (5.6)

Here it is assumed that the operator∇h acts on vectors componentwise. When ν4 < 0,
numerical noise is effectively dissipated. The coefficient ν2 ⩽ 0 must be negative in
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order for energy to be returned. To take into account the spatial inhomogeneity of the
modelled turbulence and the weak dynamics near the bottom, we follow [78; 79; 82]
and introduce a dependence of the negative-viscosity coefficient on the coordinates,
ν2(x,y,z,t) ⩽ 0. The coefficient ν2 is chosen so as to balance the dissipation associated
with the biharmonic viscosity. The energy fluxes into the subgrid scales associated with
the biharmonic viscosity and with the negative-viscosity model, respectively:

Ėdiss = ν4∇hUh · ∇h

(
∇2

hUh

)
, (5.7)

Ėback = ν2∇hUh · ∇hUh. (5.8)

The fluxes are chosen in Galilean-invariant form. Integrally over the domain, these
fluxes have the following signs:

∫
Ėdissdxdydz > 0,

∫
Ėbackdxdydz ⩽ 0. The local

equating of these fluxes, Ėdiss (x,y,z,t) + Ėback (x,y,z,t) = 0, leads to an ill-posed
problem for finding ν2 if |∇hUh| = 0. To overcome this problem, in [78; 82] it
is proposed to introduce an equation for the subgrid kinetic energy (e ≡ e(x,y,z,t)),
which is generated by the dissipation (Ėdiss) and consumed by KEB (Ėback):

de

dt
= cdissĖdiss + Ėback + νe∇2

he. (5.9)

Here d/dt is the Lagrangian derivative (taking into account the advection of the subgrid
energy by the resolved flow), which is implemented in the code bymeans of the simplest
upwind scheme [85]; the diffusion of the subgrid energy νe = 1000 m2 · s−1 is equal
to the eddy diffusion in the R1 model. Unlike [78], we apply the Lagrangian derivative
instead of the partial one. The use of the Lagrangian derivative for modelling the propa-
gation of the subgrid energy was first proposed in [136] and, in our view, describes this
process in more detail. Nevertheless, experiments with the advection of e switched off
give similar results. As in [79], a tunable parameter cdiss ∈ (0,1) is introduced, which
makes it possible to decrease the amount of returned energy. Its optimal value in the
R4 model is the following: cdiss = 0.8. A further increase leads to an overestimated
meridional eddy heat flux at the surface at the detachment point of the wall-bounded
current. The subgrid energy e defines the negative-viscosity coefficient according to
the following formula:

ν2 = −cback∆x
√
max (e,0) , (5.10)

where ∆x is the grid step and cback = 0.4
√
2, as proposed in [82]. Despite the fact

that
∫
Ėdissdxdydz > 0, the local values of Ėdiss can be negative, which locally can

lead to negative values of the subgrid energy. The introduction of the function max(·,·)
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switches off the KEB parameterization at such points of the computational domain.
For the operators ∇h(ν2∇hUh) in (5.6) and νe∇2

he in (5.9), the Neumann boundary
conditions are applied: (∇hUh) ·n = 0 and (∇he) ·n = 0, n being the vector orthogonal
to the horizontal boundary.

As in [82], we notice that the results depend weakly on the choice of the free
parameters in the equation for the subgrid energy (except for the parameter cdiss). As
will be shown in the next subsection, the tuning of the stochastic parameterization can
be performed without an additional equation for the subgrid energy.

5.2.2 Stochastic parameterization

First we construct the quasi-barotropic (i.e. quasi-two-dimensional) streamfunc-
tion, as proposed in [77]:

ψ (x,y,z,tn) = φ (x,y,tn) · A (x,y,z,tn) , (5.11)

where φ(x,y,tn) is discrete spatio-temporal white noise with distribution N(0,1), i.e.
at each point of the spatial grid and at each time slice, tn, the realizations of the random
variable are independent. A is the amplitude that determines the spatial distribution of
the energy influx. The streamfunction ψ modifies equation (5.2) as follows:

∂Uh

∂t
= · · ·+ α∇⊥

hS
ns (ψ) , (5.12)

where ∇⊥
h = (−∂y,∂x). α will be defined later. The operator Sns(·) denotes ns appli-

cations of the spatial discrete filter:

S (ψ) = ψ+
(∆x)2

8
∇2

hψ. (5.13)

This filter is based on the Laplace operator, which is already present in the model
and zeroes out the checkerboard mode ((−1)i+j; i and j are grid indices along x and
y), if the standard second-order approximation is used. The Laplace operator is ap-
plied with zero boundary conditions. Unlike [84], we generate a random streamfunction
rather than a random Reynolds tensor. The use of a streamfunction gives an analogous
spectrum over wavenumbers, but at the same time does not require the removal of the
divergence of the resulting forces [137]. The filter Sn(·) defines the correlation radius
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of the stochastic tendency. As in the previous chapter, the value ns = 6 is used, which
provides a correlation radius equal to several grid steps.

According to [127], the generation of energy by white-in-time noise is propor-
tional to the square of the amplitude, (Ėback ∼ −A2), and therefore A is chosen as
follows:

A (x,y,z,tn) =

√
max

(
Ėdiss,0

)
. (5.14)

Finally, we find the parameter α at each time step from the equality of the total
energy fluxes:

α2∆t

2

∫ 〈∣∣∇⊥
hS

ns (ψ)
∣∣2〉 dxdydz = cdiss

∫
Ėdissdxdydz. (5.15)

Here∆t is the time step, and the angular brackets ⟨·⟩ denote averaging over the ensem-
ble of realizations of the random field φ. The left-hand side of equation (5.15) can be
estimated analytically by integrating over the spectrum of wavenumbers [77], but an
exact expression for an arbitrary fieldA depending on the spatial coordinates cannot be
obtained. We propose to drop the ensemble averaging:∫ 〈∣∣∇⊥

hS
ns (ψ)

∣∣2〉 dxdydz ≈
∫ ∣∣∇⊥

hS
ns (ψ)

∣∣2dxdydz, (5.16)

where the right-hand side is computed using the current realization of the random field
φ. Such a replacement can be made since the standard deviation of the integral is 7%
of its ensemble-mean value. The optimal value of cdiss equals 1, in contrast to 0.8 for
the negative-viscosity parameterization. The increase in the amount of returned energy
can be explained by the fact that part of the energy is transferred into inertial waves
(as will be shown below), which are dissipated by the numerical filter applied to the
free-surface equation [85].

5.3 Results

The model in the Double Gyre configuration reproduces the western boundary
current (WBC). At a certain latitude the WBC detaches from the boundary and spreads
in the zonal direction, separating the northern and southern gyres. The latitude at which
the detachment of the current occurs depends strongly on the spatial resolution and shifts
to the south as the mesoscale and submesoscale eddies appear on the computational grid



85

[135]. The position of the detachment point of theWBC is related to such characteristics
as the sea-surface temperature (SST) and the sea-surface height (SSH), since the isolines
of these characteristics pass along the jet flow.

Below, we consider 4 models: the eddy-permitting R4, the eddy-resolving R9,
and the eddy-permitting model with two KEB parameterizations: R4 negative viscosity
and R4 stochastic. All models are spun up as described in Section 5.1.

5.3.1 Eddy kinetic energy
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Figure 5.2— 20-year mean eddy kinetic energy (EKE), averaged horizontally, as a
function of depth, m2 · s−2. Comparison of the eddy-permitting (R4, R4+KEBs) and

eddy-resolving (R9) models.

Let us evaluate the eddy activity by the level of eddy kinetic energy (Eddy Ki-
netic Energy, EKE, ⟨u′2⟩/2, where u′ is the deviation from the 20-year mean flow, ⟨u⟩).
The application of KEB parameterizations makes it possible to increase the horizontally
averaged EKE in the eddy-permitting model approximately to the level of EKE in the
eddy-resolving model (R9), see Figure 5.2. Unlike the results obtained in [79], where
it was possible to restore the vertical profile over the entire depth, we find an overesti-
mation of the EKE level at depths greater than 200 metres. The spatial distribution of
the surface EKE is shown in Figure 5.3 in colour. Both KEB parameterizations lead to
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Figure 5.3—Colour: 20-year mean near-surface kinetic energy, m2 · s−2. The colour
scale saturates at 0.3. Contours: 20-year mean sea-surface temperature (SST), Co.

a shift of the region with maximum value of the surface EKE to the south, in agreement
with the high-resolution model. However, we note that the surface EKE in the coarse
models with KEB parameterizations is elongated along the boundary, in contrast to the
elongation in the zonal direction in the R9 model. This means that the propagation of
the jet flow in the zonal direction cannot be reproduced by the coarse model even after
the application of the KEB parameterizations.

5.3.2 Eddy heat flux

Remark: often by “counter-gradient” heat flux is understood a heat flux along the
temperature gradient, i.e. from cold to warm [138]. In this section we adopt analogous
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Figure 5.4—Colour: 20-year mean meridional heat flux, zonally integrated, W ·m−1.
Contours: 20-year mean zonally averaged temperature, Co. The R9 model. The black

rectangle highlights a strong counter-gradient heat flux. The white rectangle
highlights a strong gradient heat flux directed to the south.

terminology. “Counter-gradient flux” goes from cold to warm, “gradient flux” from
warm to cold.

One of the most important characteristics of eddy activity is the explicitly repro-
duced eddy heat transport. In the case when the eddy heat transport is gradient, the
slope of the isotherms decreases, hence the available potential energy of the mean flow
decreases, which is the source of the kinetic energy of the mesoscale eddies. As noted
in [68], the use of a KEB parameterization can increase the conversion of available
potential energy into kinetic.

Let us define the northward meridional heat flux: Q = ρ0CpTV , where Cp ≈
3992 J ·K−1 · kg−1 is the heat capacity and V is the meridional velocity; the dimension
of the flux is [Q] = W · m−2. We note that we neglect the diffusive heat flux, since
its magnitude is small when using the biharmonic diffusion operator. The meridional
heat flux consists of two parts: the transport by the mean flows (Mean FlowMeridional
Heat Transport, MMHT),

ρ0Cp⟨T ⟩⟨V ⟩, (5.17)
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Figure 5.5—Colour: 20-year mean meridional heat flux, zonally integrated, W ·m−1.
Contours: 20-year mean streamfunction of the meridional overturning circulation,
ΨMOC , in Sverdrups. The black rectangle highlights an erroneously predicted

southward heat flux in the coarse model.

15 20 25 30 35 40 45 50

Latitude

-1

-0.5

0

0.5

1

H
e

a
t 

tr
a

n
s
p

o
rt

, 
W

10
14 Meridional eddy heat transport

R4

R4 negative viscosity

R4 stochastic

R9

Figure 5.6— 20-year mean eddy heat flux, zonally and vertically integrated, W.
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Figure 5.7— 20-year mean eddy heat flux, zonally and vertically integrated, W. The
solid black line is the R9 model, the dashed line is R4. The coloured lines correspond
to the R4 model with modified eddy viscosity (ν4) and diffusion (µ4) coefficients.

where the angular brackets denote averaging in time over the last 20 years, and the
remainder, the eddy heat flux (Eddy Meridional Heat Transport, EMHT),

ρ0Cp(⟨TV ⟩ − ⟨T ⟩⟨V ⟩). (5.18)

We present only the eddy heat flux, which does not depend on the units of temperature,
Co or K. The EMHT depends significantly on the spatial resolution: it is practically
zero in the R1 model, and at high resolutions is comparable with the MMHT, see [135].

Since the northern gyre is colder than the southern one, we expect the eddy heat
flux to be directed to the north. As follows fromFigure 5.4, which shows the distribution
of EMHT over depth for the R9 model, the eddy flux is directed northward (shown in
red) predominantly in the near-surface layer of depth 200 metres. An exception is the
near-surface region 37oN − 42oN , where a strong counter-gradient flux directed to
the south arises, see the black rectangle in Figure 5.4. The most significant EMHT
(note the logarithmic depth scale) corresponds to the region 200m − 500m in depth
and 23oN − 30oN in latitude, which is marked by the white rectangle in Figure 5.4.
Heat in this region propagates to the south, in agreement with the northward direction
of the temperature gradient at this depth, i.e. the flux is a gradient one. This region
defines the sign of the depth-integrated EMHT in the southern gyre, see Figure 5.6. As
a result of the application of KEB parameterizations, the southward heat flux in this
region increases in the coarse R4 model, see Figure 5.5, and the sign of the erroneously
predicted flux in the region 32oN − 35oN changes, as it should be in the high-resolution



90

model, see the black rectangle. Both KEB parameterizations make it possible to shift
to the south the position of the minimum of the vertically integrated eddy heat flux,
although its absolute value turns out to be underestimated, see Figure 5.6. Also, the
models with KEB parameterizations overestimate the flux north of the 30th latitude,
see Figure 5.6. The described effect of shifting the extremal value of the flux to the
south cannot be achieved by changing the viscosity (ν4) or diffusion (µ4) coefficients,
see Figure 5.7.

5.3.3 Mean fields

Figure 5.8— 20-year mean difference in sea-surface temperature between
eddy-permitting (R4, R4+KEBs) and eddy-resolving R9 models, Co.

Figure 5.9— 20-year mean difference in sea-surface height between eddy-permitting
(R4, R4+KEBs) and eddy-resolving R9 models, m.

The meridional overturning circulation (MOC) is shown by contours in Fig-
ure 5.5. The MOC is defined by the following streamfunction: ΨMOC(y

′, z) =∫ −z

−H ⟨V (x′,y′,z′,t)⟩dx′dz′, where x′ and y′ are the coordinates along longitude and lati-
tude respectively, z ∈ (−H,0) is the depth, V is the meridional velocity, and the angular
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Table 6—Norms of errors in the 20-year mean sea-surface temperature, sea-surface
height and surface salinity (SST, SSH, SSS) between the coarse models (R4, R4 +
KEBs) and the high-resolution model (R9). The following two norms for an arbitrary
field φ(x,y) are separated by a semicolon: max(|φR4 −φR9|); mean(|φR4 −φR9|).

R4 R4 negative viscosity R4 stochastic

SST, Co 7.0; 0.4 3.1; 0.3 4.3; 0.27
SSH, m 0.68; 0.062 0.38; 0.039 0.40; 0.040
SSS, psu 0.54; 0.108 0.33; 0.098 0.52; 0.070

brackets denote averaging over the last 20 years. The circulation in all the models con-
sists of 4 cells, with the largest cell located near the bottom (taking into account the
logarithmic depth scale). The near-bottom cell is shifted to the north in the R4 model
compared with the R9 model. Both KEB parameterizations restore the correct position
of this cell: near the 30th latitude. The northern near-surface cell acquires the correct
shape as a result of the application of the KEB parameterizations. The northern near-
bottom cell is better reproduced in the model with the stochastic KEB parameterization,
compared with the model with the negative-viscosity parameterization: note the isoline
−1.5 in Figure 5.5.

The restoration of the eddy activity and of the mean circulation has a positive
effect on the mean near-surface fields. In Figure 5.3 the sea-surface temperature for the
four models is shown by contours. The main difference between the R4 and R9 models
is observed in the wall-bounded region, approximately at latitude 35oN . In this region
the isolines of temperature in the R4 model (see the isotherms 21 and 22 in Figure 5.3)
pass along the boundary of the domain, creating a large temperature gradient in the
direction perpendicular to the boundary. The KEB parameterizations smooth out this
gradient, which leads to a significant reduction of the errors in SST, see Table 6. The
spatial distribution of errors in SST and SSH is shown in Figures 5.8 and 5.9 respec-
tively. A significant decrease of the errors for both parameterizations is observed near
the detachment point of the jet flow. We note that the negative-viscosity parameteriza-
tion introduces additional errors in the northern part of the domain.
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5.3.4 Temporal variability

Figure 5.10—Distribution of the surface EKE over the spectrum of time scales. The
spectrum is averaged over the region bounded by the white rectangle shown in
Figure 5.1. The additional line “R4 AR1” corresponds to a temporally correlated

stochastic parameterization.

We study the temporal variability by considering the distribution of the surface
EKE over the spectrum of time scales, see Figure 5.10. The spectral density is aver-
aged over the region bounded by the white rectangle in Figure 5.1, in order to exclude
the strong dependence on the detachment latitude of the jet flow. The high-frequency
variability (up to 100 days) is characterized by two spectral-density intervals obeying
power-law dependences (ν−4, ν−2). We do not provide a physical explanation of the ob-
served intervals, but assume that the change of the slope at the 5-day scale is explained
by the fact that the mesoscale dynamics is absent on shorter time scales. The energy
density in both power-law intervals is underestimated in the R4 model. The KEB pa-
rameterizations make it possible to increase the spectral density on the intervalν−2 up to
the level corresponding to the R9 model. The negative-viscosity parameterization also
restores the spectral density on the interval ν−4. For the stochastic parameterization a
spurious maximum is observed in the energy spectrum at the scale of 1 day, presumably
associated with the excitation of inertial oscillations, which have a close period. It has
not been reported previously that a stochastic KEB parameterization with white-in-time
noise can excite inertial oscillations, possibly because in most works quasi-geostrophic
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equations are considered (as, for example, in [68] and [84]), which exclude the pres-
ence of inertial oscillations. The use of a temporally correlated stochastic parameteri-
zation makes it possible to avoid the excitation of inertial waves, see Figure 5.10, the
line “R4 AR1”. The parameterization is described in Appendix D; the parameters are:
cdiss = 0.8, ns = 6.

Finally, let us consider the instantaneous fields of relative vorticity, see Figure 5.1.
The solutions of the R4 and R9models differ significantly in the number of eddies. Both
KEB parameterizations strengthen the eddy activity, but in different ways. The stochas-
tic parameterization generates “synthetic” turbulence, which in its form is similar to the
stochastic tendency itself, while the negative-viscosity parameterization strengthens the
already existing eddy field.
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5.4 Conclusions

In this chapter it is shown that KEB parameterizations compensating the dissipa-
tion associated with the biharmonic viscosity can restore the level of eddy activity in an
eddy-permitting ocean model based on the primitive equations. In particular, the eddy
kinetic energy is increased and the eddy heat flux is restored. Improvements are also
observed in the mean fields: the meridional overturning circulation, the sea-surface el-
evation and the sea-surface temperature. The propagation of the wall-bounded jet flow
in the zonal direction cannot be reproduced by means of KEB parameterizations. The
stochastic KEB parameterization with white-in-time noise can excite inertial oscilla-
tions. To prevent this effect, a temporally correlated stochastic tendency, constructed
by means of an autoregressive model, can be used.

Although the studied parameterizations differ in the form of the tendency
(stochastic or deterministic) and in the presence of an equation for the subgrid kinetic
energy, their effect on the mean characteristics of quasi-two-dimensional turbulence
can be considered to be close. An analogous result was given in Chapter 3. In this
connection, we come to the conclusion that the key characteristic of a KEB parameter-
ization is how it redistributes the kinetic energy into large scales. For this process one
can distinguish two key parameters: the scale of the energy return and the amount of
returned energy, the study of which is the subject of the next chapter of the dissertation.
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Chapter 6. Spectral characteristics of the subgrid forces and of the subgrid
parameterizations in the NEMO model

In the previous chapter the parameters of the KEB parameterizations were chosen so as
to achieve the best agreement between the eddy-permitting and eddy-resolving ocean
models. In order to use such parameterizations in more realistic configurations and at
various resolutions, it is necessary to tune the free parameters of the parameterizations,
among which the most significant are the following: the scale of the energy return and
the amount of returned energy. The scale of the energy return can be defined as follows:

k2 =

∫
k2B(k)dk∫
B(k)dk

, (6.1)

where
B(k) =

d

dk

∫
|k|2⩽k2

Re⟨u∗kfk⟩dk, (6.2)

is the density of the energy influx from the KEB tendency at the scale with modulus of
the wavenumber k, and uk, fk are the Fourier transforms of the velocity and of the KEB
tendency, respectively, ∗ is the complex conjugate, ⟨·⟩ is averaging over the ensemble
or in time. For the stochastic parameterization with white-in-time noise, formula (6.2)

should be replaced by the following one: B(k) =
∆t

2

d

dk

∫
|k|2⩽k2⟨|fk|

2⟩dk.
Many ways of tuning the scale of the stochastic parameterization are known:
1. Parameterizations based on the prediction of the EDQNM theory, [70]. In

such parameterizations either a random vector potential is constructed [72],
or a random Reynolds tensor [67], with white grid noise in space. In that case
the stochastic tendency has the Fourier transform fk ∼ k, and B(k) ∼ k4 in
three-dimensional turbulence [67], B(k) ∼ k3 in two-dimensional [84].

2. In [137] it was proposed, for simplicity of implementation, to use white grid
noise in velocity as the stochastic tendency, fk ∼ 1, which gives in three-
dimensional turbulence B(k) ∼ k2, and in two-dimensional B(k) ∼ k.

3. In [68] white grid noise in vorticity was used, which gives fk ∼ k−1 and
B(k) ∼ k−1 in two-dimensional turbulence.

4. In the ECMWF ensemble weather-prediction model a random streamfunction
with Fourier coefficients ∼ k−1.27 is used, which gives B(k) ∼ k0.46 [77].
As will be shown below, the spectral slope k0.46 corresponds to the spectral
density of the subgrid forces.



96

5. In the coarse-resolution atmospheric model PUMA [139] a random vorticity
with Fourier coefficients ∼ k−1.27 is used, which gives B(k) ∼ k−3.54.

6. Also widespread is spatial filtering of white noise in space, which corresponds
to considering a non-spectral filter for separation of scales in the EDQNM
theory [70]; however, unlike in the present work, the spatial filter is usually
applied once or twice [72], [84].

7. In Section 3.2 of Chapter 3 of the dissertation it was proposed to tune B(k)

so as to reproduce the spectrum of energy generation by the subgrid forces,
which is located on the inertial interval of the inverse energy cascade.

Most of the above ways of constructing the stochastic tendency lead either to the
generation of energy near the grid scale (items 1, 2, 4, 6), or at the largest scales (items
3, 5). The scale of the parameterization tuned according to item 7 does not depend on
the resolution of the coarse model and always corresponds to the inertial interval of the
inverse energy cascade.

For the deterministic KEB parameterization the tuning of the scale of the energy
return is also possible:

– In [42; 140] various tendencies in vorticity were investigated: ∆nξ, n =

−1,0,1,2; ξ̂, ξ − ξ̂, where (̂·) is a spatial filter. For non-spectral schemes,
the best results in forecast errors and in the decay of energy and enstrophy
were found for the parameterization ξ − ξ̂, which in scale coincides with the
Laplace operator.

– In [79] spatial smoothing of the tendency of the negative-viscosity parameter-
ization is applied.

Note that, unlike most of the stochastic KEB models mentioned above, the
negative-viscosity parameterization predominantly returns energy not at the edges of
the range of reproducible scales, but in its middle – on the interval of kinetic-energy
generation (the internal Rossby radius of deformation). If one assumes the existence of
a bidirectional energy–enstrophy cascade,

E(k) =

{
C1ε

2/3k−5/3, k < kf , (6.3а)

C2η
2/3k−3, k > kf , (6.3б)

then the spectrum of energy generation by the negative-viscosity operator will have the
form:

B(k) ∼ k2E(k) =

{
C1ε

2/3k1/3, k < kf , (6.4а)

C2η
2/3k−1, k > kf , (6.4б)
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which has a maximum on the scale of energy generation kf .
The amount of returned energy in two-dimensional turbulence is usually chosen

proportional to the viscous dissipation, i.e.

Ėback = cdissĖdiss, (6.5)

where the proportionality coefficient 0 ⩽ cdiss ⩽ 1 can be chosen either globally for
the whole domain (as done in the previous chapter and in [68]), or depend on the local

Rossby number (Ro =
|ξ|
f
, ξ is the relative vorticity, f is the local Coriolis parameter)

[79; 81; 141]:

cdiss =

(
1 +

Ro

Rodiss

)−1

, (6.6)

or be greater than unity if the dissipation of available potential energy is included in
the subgrid kinetic-energy budget [142]. The exact value of cdiss cannot be found from
a priori analysis of the subgrid forces, because, firstly, the stability of the computation
depends on its choice, and secondly, the energy flux can be separated into forward and
backward in three different ways: in Fourier space, in physical space, and according to
the energetic contributions of the eddy-viscosity and KEB parameterizations. In each
case the coefficient cdiss will be different. Nevertheless, if cdiss is defined in some
way, one can measure how it depends on resolution and on local characteristics of the
turbulence (the Rossby number).

As follows from the above overview, there are many ways of tuning the scale and
the amount of returned energy. In this chapter, by means of the analysis of the solutions
of the NEMO model in the Double Gyre configuration at high resolution 1/24o, an
analysis of the interaction between resolved and unresolved scales in coarse models
is carried out (a priori analysis of the subgrid forces). An attempt is made to relate
the characteristics of the KEB parameterizations with the characteristics of the inverse
kinetic-energy cascade partially resolved on the grid. In particular, the question of the
possibility of applying the parameterizations in eddy-resolving models, in which the
forward kinetic-energy cascade is partially resolved at submesoscales (1 − 100 km),
is considered. On the basis of the analysis, recommendations are given for tuning the
KEB parameterizations and preliminary computations at eddy-resolving resolution are
carried out.
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6.1 Spectral characteristics of the R24 model

Table 7—Parameters of the eddy-resolving models. The parameterizations of
turbulent diffusion and viscosity act in the horizontal direction.

R9 R12 R24

nx × ny × nz 270× 180× 30 360× 240× 30 720× 480× 30

grid step 1/9o, 11.7 km 1/12o, 8.8 km 1/24o, 4.4 km
time step 800 sec 600 sec 300 sec
diffusion ∇4

h, −109 m4/s ∇4
h, −109 m4/s ∇4

h, −109 m4/s
viscosity ∇4

h, −5 · 1010 m4/s ∇4
h, −1.25 · 1010 m4/s ∇4

h, −5 · 109 m4/s

Figure 6.1—Left: relative vorticity at the surface in units of the Coriolis parameter
for the R24 model, March 30. The colour scale is limited by the values ±0.5. In
reality the range of values is (−0.9; 3.7). Right: the internal Rossby radius of

deformation in kilometres, from data of January 1.

The NEMO model configuration described in Section 5.1 was used. The param-
eters of the eddy-resolving models are given in Table 7. The computations with the
eddy-resolving models were carried out for 20 years starting from the statistically equi-
librium state of the R9 model. For the analysis of the nonlinear interactions, one last
year of the computation with the R24 model was used.

Let us roughly estimate the spectral interval on which the inverse energy cascade
should occur. We assume that the baroclinic instability is the source of kinetic energy.
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Let us compute the internal Rossby radius of deformation, LR =
cint
f

[143], where

cint = π−1
∫ 0

−H N(z)dz is the phase velocity of internal gravity waves, N(z) is the
Brunt–Väisälä frequency, f is the Coriolis parameter. cint varies in the range 2 m/s in
the south and 1.6m/s in the north, and the Coriolis parameter f : 3.9·10−5 s−1 in the south
and 1.1 ·10−4 s−1 in the north. As a result, the deformation radius LR varies in the range
from 50 km in the south to 15 km in the north, see Fig. 6.1(b). The deformation radius
determines the minimum wavelength of baroclinic instability, Lbc = 2πLR, [144]. We
obtain that baroclinic instability in the south should occur at wavelengthsLbc ≈ 300 km,
and in the north Lbc ≈ 100 km. These wavelengths are well resolved by all the models
given in Table 7.

Since we observe strongly anisotropic flows, we assume that the blockage of the
cascade occurs at the Rhines scale. The root-mean-square horizontal velocity averaged
over the domain and over the year in the R24 model is Urms = 0.13m/s, and the differ-
ential rotation β = 1.8 · 10−11 1/(m s). Then the cascade-blockage wavenumber [10],

krh =

√
β

Urms
≈ 0.012 km−1, which corresponds to the scale Lrh =

2π

krh
≈ 500 km.

Thus, we expect that the conversion of available potential energy into kinetic will occur
in the wavelength range 100 − 300 km, after which the energy will be redistributed to
large scales, of the order of 500 km, until the blockage of the cascade by Rossby waves
occurs. These scales are shown on Figure 6.1(a) for comparison with the eddy sizes.

For the computation of the spatial spectra, discrete sine–cosine Fourier transforms
are used. The type of transform is chosen depending on the boundary conditions for the
horizontal velocity. Let U be the full three-dimensional velocity, Uh the horizontal
component of the velocity, and (̂·) the Fourier transform. Then the depth-averaged
spectral density of kinetic energy associated with the horizontal velocity is:

EU(k) = H−1

∫ 0

−H

d

dk

∫
|k|2⩽k2

|Ûh|2

2
dkdz, (6.7)

k = (kx,ky). The Fourier-transform normalization is as follows:∫
EU(k)dk = (LxLyH)−1

∫
|Uh|2

2
dxdydz. (6.8)

The spectral influx of kinetic energy from the advection forces is computed as follows:

TN(k) = −H−1

∫ 0

−H

d

dk

∫
|k|2⩽k2

Re
(
Ûh

∗ ̂(U · ∇)Uh

)
dkdz. (6.9)
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Since the advection operator conserves energy, the spectral energy influx satisfies the
equality

∫
TN(k)dk = 0, and the spectral flux of kinetic energy from scales k′ ⩽ k to

scales k′ > k is defined by the formula:

ΠN(k) =

∫
k′>k

TN(k
′)dk′. (6.10)

Positive values of the flux correspond to a forward energy cascade through the
wavenumber k to small scales (high wavenumbers), and negative values to an inverse
cascade. Let us also introduce the spectral flux of relative enstrophy:∫

k′>k

TN(k
′)k′2dk′. (6.11)

Figure 6.2—(a), spectral density of kinetic energy (6.7). (b), spectral flux of kinetic
energy (6.10). (c), spectral flux of enstrophy (6.11). The blue curve corresponds to the
full velocity, and the red one to the non-divergent part. The R24 model, averaging

over depth and over the year, the Fourier transform corresponds to the whole domain.

Figure 6.2 shows the spectral characteristics of the R24 model. According to the
character of the nonlinear interactions, three spectral intervals can be distinguished. On
the wavelengths 100 − 300 km the generation of kinetic energy occurs. Most of this
energy is redistributed to large scales, forming the inverse energy cascade, which is
blocked at the scales 300− 1000 km, see Fig. 6.2(b). As in [145], [146], the maximum
of the spectral density of kinetic energy approximately corresponds to the scale at which
the maximum energy flux is observed. In the generation interval a spectral density of
kinetic energy with the slope k−3 is observed, see Fig. 6.2(a). Although the theory of
geostrophic turbulence predicts the slope k−5/3 on the interval of the inverse energy
cascade [10], in practice the slope k−3 is usually observed [68], [144], [146], [147],
[148]. Apparently this is associated with the fact that the intervals of generation and
dissipation of energy are not separated in Fourier space, as a result of which essentially
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no inertial interval of the inverse energy cascade exists; however, the redistribution of
energy to large scales is preserved. On the other hand, the slope k−3 can be explained by
the fact that in the range of scales 100−300 km, along with the inverse energy cascade,
a forward enstrophy cascade is observed, see Fig. 6.2(c), the red line.

In the submesoscale range 10−100 km the generation of kinetic energy is practi-
cally absent and a forward energy cascade into small scales is observed, see Fig. 6.2(b).
The forward energy cascade must necessarily exist, since it is related to the forward
enstrophy cascade. Nevertheless, many works are devoted to the properties of this cas-
cade [149], [15]. In particular, it is assumed that in the submesoscale range the flows
become geostrophically unbalanced, and as a result of the interaction of the geostrophic
and ageostrophic components of the flow, a forward energy cascade represented by
inertia–gravity waves is formed. The existence of such a cascade has been shown both
in the Boussinesq equations and in the primitive equations [149]. The simplest way to
estimate the contribution of ageostrophic flows to the formation of the forward energy
cascade is to consider the contribution from non-divergent flows. From Figure 6.2(a)
it is seen that the divergent component of velocity modifies the spectral energy density
at the smallest scales (a few tens of kilometres); nevertheless, taking into account the
divergent component of velocity (and the vertical velocity) leads to an increase of the
forward-cascade energy flux by a factor of 2.9 (“full velocity” compared with “nondi-
vergent part” in Figure 6.2(b)). A characteristic feature of the forward energy cascade is
also the generation of enstrophy by ageostrophic flows, see Figure 6.2(c), the blue line.
A more accurate analysis of ageostrophic flows can be performed taking into account
the dispersion relation of inertia–gravity waves [149].

6.2 Characteristics of the subgrid forces

Below we shall need the definition of subgrid forces. Let us introduce the projec-
tion operator, P , from the grid of the R24 model onto a coarser grid, which is applied
in two stages. First, in the neighbourhood of a point of the coarse grid the horizontal
averaging over the nearest points of the R24 model with equal weights is performed.
After that smoothing with the filter [1 2 1]/4 in each horizontal direction is performed.
Then the velocity resolved on the coarse grid is:

P(U), (6.12)
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Figure 6.3—(a), spectral flux of energy resolved on the coarse grid. (b), spectral
density of the energy influx for the subgrid forces. The influxes at resolutions R8 and
R12 are multiplied by 3 and 6 respectively, in order to match the graphs at large scales.
The influx is multiplied by the wavenumber, which makes it possible to estimate the
area under the curve in logarithmic coordinates. (c), spectral density of the subgrid

forces.

the tendency of the resolved advection on the coarse grid is:

N = −(P(U) · ∇)P(Uh), (6.13)

and the tendency of the unresolved advection on the coarse grid, i.e. the subgrid forces:

S = −P((U · ∇)Uh) + (P(U) · ∇)P(Uh). (6.14)

For the computation of the advection operator on the coarse grid, a scheme in flux form
is used, which is one of the schemes implemented in the NEMO model. We consider
coarsening of the resolution to 1o (R1), 1/4o (R4), 1/8o (R8), 1/12o (R12).

The spectral characteristics (6.9), (6.10) can be computed for the resolved advec-
tion N and for the subgrid forces S. Figure 6.3 shows: (a), the resolved flux of kinetic
energy, ΠN(k); (b), the influx of kinetic energy from the subgrid forces, TS(k). When
the resolution is coarsened, the resolved flux of kinetic energy through the inverse cas-
cade decreases, Fig. 6.3(a). For the resolution R4 by approximately 30%, and for the
resolution R1 it is practically absent (not shown in the figure). For the eddy-resolving
R8 and R12 models the energy flux decreases insignificantly; nevertheless, this is the
result of a priori analysis, and in real computations the inverse-cascade energy flux can
depend strongly on resolution [144]. The insufficient spectral energy flux at coarse res-
olution is compensated by the subgrid forces, which redistribute the kinetic energy from
scales smaller than 250 km to scales larger than 250 km, see Fig. 6.3(b). An analogous
result was already given for homogeneous two-dimensional turbulence (see Chapter 3,
Figure 3.1). The spectrum of energy generation by the subgrid forces should be used
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for tuning the long-wave KEB parameterization. Let us highlight the main properties
of the generation spectrum:

– The generation scale (larger than 250 km) does not depend on the resolution of
the coarse model and approximately corresponds to the scales of blockage of
the inverse energy cascade.

– The strength of the long-wave pumping decreases as the resolution of the
coarse model is increased: by a factor of 3 and 6 as the resolution is increased
by a factor of 2 and 3 respectively. Note that in Figure 6.3 the influxes for the
R8 and R12 models are multiplied by 3 and 6 respectively.

– The ratio of returned energy (TS(k) > 0) to dissipated (TS(k) < 0) decreases
as the resolution is increased. If we estimate the proportionality coefficient in
formula (6.5) as

cdiss =

∫
max(TS(k),0)dk∫
max(−TS(k),0)dk

, (6.15)

we obtain the following values of cdiss: 6.2, 1.44, 0.84, 0.6 for resolutions R1,
R4, R8 and R12 respectively. The values cdiss > 1 for the R1 and R4 models
mean that at the “subgrid” scale eddies are generated, which then grow up to
resolved scales. Such situations were proposed to be taken into account in
[142] by including the contribution of the Gent–McWilliams parameterization
into the subgrid energy budget. The values cdiss < 1 for resolutions R8 and
R12 mean that in these models the forward energy cascade in submesoscales
starts to be resolved, and the assumption of geostrophic turbulence about the
redistribution of energy to large scales is violated.

The spectral density of the subgrid forces S, computed analogously to (6.7), is
shown in Figure 6.3(c). The slope of the spectral density corresponds to the one used in
[77], and is equal to k0.46. The maximum of the spectral density depends on resolution
and is reached at wavelengths of approximately 5 grid steps. This scale can be used
for tuning the short-wave KEB parameterization (the definition of the short-wave and
long-wave KEB parameterizations is given in the introduction to Chapter 3).

Figure 6.4 shows the dependence of cdiss on the local Rossby number in com-
parison with formula 6.6. The distribution is constructed from the values of the local
energy influx from the subgrid forces in Galilean-invariant form:

dE

dt
=

∂P(ui)

∂xj
(P(uiuj)− P(ui)P(uj)), (6.16)
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then

cdiss(Ro) =
⟨max(dEdt ,0)⟩
⟨max(−dE

dt ,0)⟩

∣∣∣∣
Ro

. (6.17)

The averaging ⟨·⟩ is taken in time and over all computational points. In accordance
with formula (6.6), the amount of returned energy decreases with the increase of the
local Rossby number, with a characteristic scale of Rodiss ≈ 1. Exactly this value
was used in [79]. Since high-resolution models are characterized by larger values of
vorticity, the formula can be used for the automatic reduction of the strength of the
KEB parameterization and thus takes into account the partially resolved forward energy
cascade in submesoscales, whose magnitude should be determined by the imbalance of
the flow (i.e. by the local Rossby number). Nevertheless, this formula has been tested
predominantly in eddy-permitting models, and at such resolution the greatest sensitivity
to the choice of the coefficientRodiss is observed in the presence of strong wall-bounded
flows [79; 81]. The strength of the parameterization near the boundaries can also be
reduced by simpler means: by using zero Dirichlet boundary conditions for the subgrid
energy, or by zeroing cdiss near the boundaries. For the eddy-permitting R4 model this
makes it possible to increase the stability of the computation and to use cdiss = 1 far
from the boundaries (the results are not given).
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Figure 6.4—Verification of the formula cdiss = (1 + Ro/Rodiss)
−1 for the estimation

of the local amount of returned energy.
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6.3 Spectral analysis of the subgrid parameterizations

In the previous chapter, the KEB parameterizations were described: the stochastic
one (Section 5.2.2, “stoch” in the graphs) and the negative-viscosity one (Section 5.2.1,
“negvisc” in the graphs). Also considered are the subgrid forces (“subgrid” in the
graphs), the biharmonic viscosity (“blp” in the graphs) and the scale-similarity model
(“SS” in the graphs, described in Section 4.3.3). The parameters of the KEB param-
eterizations at resolution R4 in the previous chapter were chosen so as to achieve the
best agreement with the R9 model, mainly in the reproduction of the meridional eddy
heat flux. We propose to find out how the spectral characteristics of the subgrid forces
and of the subgrid parameterizations relate to each other, and to associate the scales of
energy return with the scales of the inverse energy cascade.

Figure 6.5—Comparison of the energy influx from the subgrid forces (“R4 subgrid”)
and from the models of subgrid turbulence at resolution R4: (a), KEB

parameterization + biharmonic viscosity; (b), the subgrid parameterizations separately.
(c), comparison of the energy influxes from the KEB parameterizations and the

spectral density of the subgrid forces.

Figure 6.5(b) shows the spectral influxes of kinetic energy for the KEB parame-
terizations (blue and red lines). For both KEB parameterizations, the larger part of the
energy influx is observed on the scales of baroclinic instability, i.e. 100−300 km. If we
add to the negative-viscosity parameterization the dissipation associated with the bihar-
monic operator, the characteristic scales of energy generation shift to the long-wave re-
gion and approximately coincide with the spectrum of generation by the subgrid forces,
see Figure 6.5(a), the blue line. The analogous characteristic for the stochastic model,
the red line, can be corrected if a larger number of filterings is applied to the stochastic
tendency. However, the direct excitation of the scales 300− 1000 km by the stochastic
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parameterization may be undesirable, since in this region the nonlinear interactions are
weakened and the flows are anisotropic. As a result, there is a possibility of destruction
of large-scale coherent structures, such as jet flows, by the stochastic parameterization.

For the scale-similarity model two spectral intervals of energy generation and dis-
sipation are observed, analogous to the subgrid forces, see Fig. 6.5(b), shown by dots.
However, in order to construct a KEB parameterization on the basis of this model analo-
gously to what is done in Section 3.2.3 of Chapter 3, it is necessary to filter the tendency
down to scales of 300 km, which would require too large a number of applications of
the spatial filters. For this reason we do not give the results for the SS parameterization
in the NEMO ocean model.

From Figure 6.5(c) it is seen that the spectrum of energy generation by the
stochastic parameterization (red line) and the spectral density of the subgrid forces
(black line) have approximately the same horizontal scale (the graphs are aligned along
the y-axis). This may mean that at coarse resolution it is impossible to distinguish be-
tween the long-wave and short-wave KEB parameterizations. Exactly this situation was
investigated in [84], where by means of a short-wave KEB parameterization the inverse
energy cascade was restored. A distinction will already be observed at eddy-resolving
resolution, as shown below.

The scale of the energy return, defined as the mean squared wavenumber (6.1),
coincides up to 10% for both parameterizations tuned in the previous chapter. Bearing
in mind that the scale of the energy return by the negative-viscosity model is determined
by the scale of the baroclinic instability and practically does not depend on resolution,
one can tune the scale of the energy return for the stochastic parameterization so that
the mean squared wavenumber coincides with the one of the Laplace operator:

k2 =

∫
|∆Uh|2dxdy∫
|Uh∆Uh|dxdy

. (6.18)

Such tuning can be performed at each vertical level separately.

6.4 Relaxation method for determining the characteristics of subgrid
parameterizations

Let us give one more argument in favour of the assertion that the energy return in
long-wave KEB should occur on the scales of baroclinic instability, while the generation
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Figure 6.6—(a), energy influx from the subgrid forces (“R4 subgrid”), from the
relaxation (“R4 nudging”) and from the KEB parameterizations. (b), spectral density

of the subgrid forces and of the relaxation.

spectrum is reproduced by the negative-viscosity operator. In order to tune the long-
wave KEB by the spectrum of energy influx from the subgrid forces, it is necessary to
have a procedure for separating the energy influx into energy generation and dissipation.
As a model of dissipation, a high-order viscosity is usually chosen. However, as follows
from Figure 6.5(a), the dissipation at small scales is overestimated by a factor of 3
by the joint model (“negvisc+blp”). This happens because the viscosity coefficient
is usually chosen larger than what is predicted by the a priori analysis of the subgrid
forces. The most likely reason for the overestimation of the viscosity is the desire to
suppress the dispersive errors of the numerical advection schemes in the short-wave
range. In turn, the subgrid forces constructed in the standard way (6.14) compensate the
dispersive errors of the numerical advection scheme, but this is not taken into account
in the construction of simple subgrid-turbulence parameterizations. As a result, the
dynamics of the small resolved scales in the a priori analysis of the coarse model and in
real computations differ greatly. At the very least, the time scales should differ greatly.

In this connection, one can try to change the methodology of carrying out the
a priori analysis. It should have the following two properties:

– The small resolved scales of the coarse model may have significant dispersive
errors, but the large scales are reproduced correctly.

– The characteristics of the long-wave KEB parameterization can be constructed
for any given value of the biharmonic viscosity.
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Both properties can be satisfied if we consider the adaptation of the coarse-resolution
model to the high-resolution model at a fixed biharmonic-viscosity coefficient:

∂Uc
h

∂t
= ...+

1

τ
(P(Uh)− Uc

h) , (6.19)

where the superscript c denotes the fields of the coarse-resolution model. τ = 1 day
is the characteristic relaxation time, chosen so that mesoscale eddies are reproduced
well. If we compare this time with the characteristic time of another linear operator,
the biharmonic viscosity, τblp = 1/(ν4k

4), then at wavelengths larger than 90 km the
relaxation will predominate, and in the short-wave range, the viscosity. A particular
advantage of this procedure is that it takes into account all the inaccuracies inherent to
the coarse-resolution model, including the numerical schemes and the peculiarities of
operation of various parameterizations at coarse resolution.

The use of the relaxation procedure, i.e. the right-hand side of equation (6.19),
for finding the tendency of physical processes unresolved on the grid, is proposed for
the first time. In recent works this procedure was proposed for the estimation of free
parameters of parameterizations [150], [151]. In those works the optimal values of
the free parameters corresponded to the minimum relaxation tendency. Although the
attempt to model this tendency may be insufficiently grounded, it nevertheless restores
the energy balance in the system and can be used for finding the spectrum of energy
generation.

The relaxation was performed for the R4 model, the trajectory of which was
pulled towards the R9 model during one year, where the coarsened fields P(Uh) of the
R9 model were fed into the R4 model with a temporal discreteness of 6 hours. Figure
6.6(a) shows the spectrum of generation of kinetic energy by the relaxation tendency,
by the subgrid forces and by the KEB parameterizations. The spectrum of energy gen-
eration for the relaxation tendency agrees well with the spectrum of generation for the
negative-viscosity model. According to Figure 6.6(b), the spectral density of the relax-
ation is smaller than that of the subgrid forces. This may indicate that the relaxation,
unlike the subgrid forces, does not compensate the dispersive errors of the schemes in
the short-wave range (with the used value of τ).
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6.5 The negative-viscosity parameterization at eddy-resolving resolution

On the basis of the results of the a priori analysis of the subgrid forces, we came
to the conclusion that the negative-viscosity parameterization at any resolution returns
energy on the scales of baroclinic instability and does not require additional tuning of
the scale. The results of the computations with the negative-viscosity parameterization
at cdiss = 0.8 are given in Figures 6.7, 6.8. A positive effect on the integral eddy heat
flux is observed at all resolutions in the range 1/4o − 1/12o in comparison with the
reference computation 1/24o, Fig. 6.7. In accordance with the results of the a priori
analysis, the amount of returned energy cdiss should be decreased as the resolution is
increased, since the near-surface eddy heat flux turns out to be overestimated, see “R12
negvisc” in Figure 6.8. By exactly this characteristic we chose cdiss at resolution R4
in the previous chapter. At resolution R9 the coefficient cdiss = 0.8 can be considered
acceptable. The norms of errors in the mean fields are given in Table 8. At resolutions
R4 and R9 the application of the negative-viscosity parameterization leads to a decrease
or a non-increase of all error norms. At resolution R12 almost all error norms increase:
an error appears in the northern region in the fields of temperature and salinity.

Table 8—Norms of errors in the 20-year mean sea-surface temperature, sea-surface
height and surface salinity (SST, SSH, SSS) between the coarse models (Rc) and the
high-resolution model (R24). Results for the negative-viscosity parameterization. The
following two norms for an arbitrary field φ(x,y) are separated by a semicolon:
max(|φRc

−φR24|); mean(|φRc
−φR24|).
SST, Co SSH, m SSS, psu

R4 8.8; 0.54 0.75; 0.1 0.65; 0.16
R4 negvisc 5.3; 0.45 0.63; 0.08 0.45; 0.15
R9 3.8; 0.22 0.6; 0.04 0.37; 0.06
R9 negvisc 2.15; 0.2 0.18; 0.03 0.26; 0.06
R12 2.0; 0.13 0.21; 0.024 0.22; 0.04
R12 negvisc 1.1; 0.17 0.24; 0.03 0.21; 0.06
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Figure 6.7—Mean meridional eddy heat flux, integrated over depth, W. Models
without parameterization (“bare model”) and with the negative-viscosity

parameterization (“KEB model”) in comparison with the R24 model (“reference”).

Figure 6.8—Colour: distribution over depth of the meridional eddy heat flux,
W ·m−1. Lines: meridional streamfunction, in Sverdrups. Results for the

negative-viscosity parameterization.
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Figure 6.9—Relative vorticity at the surface in units of the Coriolis parameter for the
R9, R24 models, and also for the R9 models with the AR1 stochastic

parameterization, see Appendix D, for various numbers of applied filterings.
March 30 after the spin-up of the models.

6.6 Choice of the scale of the stochastic parameterization at eddy-resolving
resolution

In this section we propose to find out whether the scale of energy return for the
stochastic parameterization should depend on the grid step. The AR1 stochastic pa-
rameterization described in Appendix D is studied for the R9 model. The amount of
returned energy cdiss = 0.8. To construct the short-wave KEB parameterization, the
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Figure 6.10—Mean meridional eddy heat flux, integrated over depth, W. Results for
the AR1 stochastic parameterization.

Table 9—Norms of errors in the 20-year mean sea-surface temperature, sea-surface
height and surface salinity (SST, SSH, SSS) between the coarse models (Rc) and the
high-resolution model (R24). Results for the stochastic parameterization. The
following two norms for an arbitrary field φ(x,y) are separated by a semicolon:
max(|φRc

−φR24|); mean(|φRc
−φR24|).

SST, Co SSH, m SSS, psu

R9 3.8; 0.22 0.6; 0.04 0.37; 0.06
R9 AR1 6 filters 3.8; 0.25 0.52; 0.05 0.44; 0.06
R9 AR1 30 filters 3.8; 0.25 0.32; 0.04 0.43; 0.07

number of filterings equal to 6 is used, as at resolution R4. The scale of the long-wave
KEB parameterization should not depend on the grid step, accordingly, we choose 30
filterings so that the scale of energy return is the same in the R4 and R9 models. Here it
is assumed that the width of the resulting filter is proportional to the square root of the
number of applications, i.e. 26.5km

√
6 ≈ 11.7km

√
30.

The maximum energy influx for the parameterization AR1 6 filters at resolution
R9 falls on the wavelength of 63 km, which corresponds to the submesoscale range. As
follows from Figure 6.9, this parameterization too strongly excites small eddies, com-
pared with the high-resolution model R24. The meridional eddy heat flux is reproduced
better by the parameterization AR1 30 filters, Fig. 6.10; this is associated with the good
reproduction of the eddy flux at depths greater than 100 metres, Fig. 6.11. One can
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Figure 6.11—Colour: distribution over depth of the meridional eddy heat flux,
W ·m−1. Lines: meridional streamfunction, in Sverdrups.

also note the stronger meridional overturning circulation near the bottom in the AR1
30 filters model, in agreement with the high-resolution model, Fig. 6.11. Although the
solutions visually differ significantly for the two parameterizations, the errors in the
mean near-surface fields of temperature and salinity are approximately the same, and
worse than in the R9 model without parameterization, see Table 9. The R9 AR1 30
filters model better reproduces the mean sea-surface height.
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6.7 Conclusions

The results of this chapter are presented in the following list:
– In the primitive equations of the ocean, the poorly resolved inverse energy cas-
cade on the grid can be enhanced both in eddy-permitting and in eddy-resolving
models by means of KEB parameterizations.

– If the dissipation is described by the biharmonic-viscosity operator, then the
spectrum of energy return is well described by the negative-viscosity operator.

– The scale of energy return in this case should correspond to the scales of baro-
clinic instability.

– If the scale is chosen to be smaller, i.e. falls into the submesoscale range, then
too-small eddies are excited. If, on the contrary, the scale is chosen to be
larger, then destruction of large-scale anisotropic coherent structures, such as
jet flows, is possible.

– At eddy-resolving resolution the negative-viscosity model reproduces the
mean near-surface fields significantly better than the stochastic parameteriza-
tion.

– The scale-similarity model reproduces the energy generation at large scales
(larger than 300 km); however, in order to filter out the small dissipative scales,
the application of too large a number of filters would be required.

– The amount of returned energy depends on which physical processes are re-
solved on the grid. Thus, with the partial resolution of the forward energy
cascade in the submesoscale range, it is necessary to reduce the strength of the
parameterization, and with insufficient resolution of the mesoscale range it is
necessary to take into account the baroclinic instability unresolved on the grid
(values cdiss > 1 in formula (6.15)). In particular, the formula for the local

value cdiss =

(
1 +

Ro

Rodiss

)−1

, proposed in [141], which parameterizes the

local weakening of the inverse energy cascade due to the local imbalance of
the flow, has been confirmed experimentally.
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Conclusion

In this dissertation an analysis and testing of parameterizations of subgrid quasi-two-
dimensional turbulence intended for use in ocean models at eddy-permitting resolution
has been carried out. In the first two chapters of the dissertation, the role of numerical
approximations of advection in the formation of coherent structures in an ideal fluid
and of the inverse energy cascade in forced turbulence is investigated in detail. It is
shown that the most successful are the numerical approximations that preserve the first
two Casimirs – vorticity and enstrophy.

In the third chapter, an a priori analysis of the subgrid forces in the problem of
forced homogeneous turbulence is carried out, taking into account the numerical ap-
proximations of advection. It is shown that the under-resolved energy generation in
the long-wave range practically does not depend on the choice of the numerical ad-
vection approximation (for second-order schemes) and corresponds to the scales of the
inertial interval of the inverse energy cascade. Three KEB parameterizations return-
ing energy to the large scales are proposed: the negative-viscosity model, a stochastic
parameterization, and the scale-similarity model (after the application of a short-wave
filter that removes the small dissipative scales). The parameterizations make it possible
to restore the density of kinetic energy at large scales, the autocorrelation functions of
the solution and the sensitivity to a constant external forcing. In the fourth chapter of
the dissertation, the influence of the subgrid parameterizations on the development of
barotropic instability is investigated. It is shown that the parameterizations bring for-
ward the moment of onset of the turbulent flow regime, and do so in different ways: the
stochastic parameterization excites unstable modes; the scale-similarity model modifies
the linearized system, thereby increasing the growth rates of the unstable modes; and
the negative-viscosity model prevents the smoothing of the mean flow caused by the
action of the eddy-viscosity model.

In the fifth chapter of the dissertation, the KEB parameterizations, the negative-
viscosity and the stochastic one, are investigated in the NEMO ocean model in the
Double Gyre configuration at eddy-permitting resolution (1/4o). It is shown that the
parameterizations are able to restore the eddy heat flux and the meridional overturning
circulation. In the sixth chapter of the dissertation, an analysis of the subgrid forces in
the same configuration of the NEMO model is carried out. It is shown that the scale
of the under-resolved long-wave energy generation corresponds to the scale of block-
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age of the inverse energy cascade and does not depend on the resolution of the coarse
model. The KEB parameterizations tuned in the previous chapter of the dissertation
return energy at a smaller scale – the scale of baroclinic instability. An assumption is
made that, if the dissipation is described by the biharmonic-viscosity operator, then the
scale of energy return should not depend on the resolution of the coarse model and is
determined by the scale of baroclinic instability. It is shown that, as the resolution is
increased, the amount of returned energy with respect to the dissipated one should be
reduced, which is associated with the gradual resolution on the grid of submesoscale
eddies. Preliminary experiments with KEB parameterizations at eddy-resolving resolu-
tion have shown that the negative-viscosity model can be used up to resolution 1/12o.
It is, however, recommended to reduce the amount of returned energy. The stochastic
parameterization is able to restore the eddy heat flux if the scale of energy return corre-
sponds to the scales of baroclinic instability. However, no improvements in the mean
near-surface fields are observed for it.

On the basis of the results of the dissertation, the following recommendations
on the inclusion of KEB parameterizations in more realistic configurations of ocean
models can be proposed:

1. Computations with the stochastic KEB parameterization possess larger errors
in the mean fields; the parameterization requires tuning of the scale of energy
return, and in addition, in order to generate a random field with a large corre-
lation radius, large computational costs for the construction of the smoothing
filter will be required. When using a time autoregressive model, additional
procedures are needed for an accurate computation of the energy coming from
the parameterization (Appendix D). For these reasons, the negative-viscosity
parameterization is preferable.

2. It is necessary to switch off the KEB near the lateral boundaries by one of the
ways given in Chapter 6. It is necessary to take into account the dissipation
associated with the numerical advection schemes. It may be necessary to take
into account the dissipation of available potential energy associated with the
isopycnal-diffusion operator.

In conclusion, the author expresses gratitude to the scientific advisor
A. V. Glazunov and to the coauthors of the works V. P. Dymnikov, A. S. Grit-
sun, E. V. Mortikov, E. M. Volodin, and also to V. N. Lykosov, N. G. Yakovlev,
Yu. M. Nechepurenko, K. V. Demyanko and V. V. Shashkin for constructive remarks.
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Appendix A

External stochastic forcing

Depending on the chosen variables (u,p) or (ψ,ω), the forcing has the form

f =

[
a

b

]
· sin(k · x+φ) or f = c · sin(k · x+φ),

whereφ ∈ [0, 2π) is the phase. The wavevector k = (k1, k2) lies in a thin circular shell
about the wavenumber kf :

∥k∥2 ∈
(
kf −

kδ
2
,kf +

kδ
2

)
.

The wavenumbers k1, k2 are chosen to be integer, and the width of the shell is kδ = 4.
The integration in time is performed by means of an explicit Euler scheme, and

at each time step the quantities φ, k1, k2 are chosen randomly. In this case the energy
influx per unit surface area ε depends on the second norm of the forcing and on the time
step (see [127]):

ε =
1

2
∆t||f||22 / S =

∆t

4
(a2 + b2), (A.1)

where S is the area of the domain. An additional condition on the coefficients a,b is
obtained from the non-divergence condition:

∇h · f = 0 →
[
k′1 k′2

]
·

[
a

b

]
= 0, (A.2)

where ∇h is the finite-difference gradient operator (2.7), and k′1,k
′
2 are its modified

wavenumbers. Finally, having chosen the time step∆t and the energy influx ε, one can
find the coefficients a,b from equations (A.1), (A.2). The coefficient c is determined
from the discrete relation between vorticity and velocity.
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Appendix B

Preliminary testing of the short-wave stochastic parameterization

Figure B.1—Spectral density of energy E(k) in the statistically equilibrium state for
four schemes at resolution 3602. The coarse model without parameterization (“no

SKEBS”), with the parameterization switched on (“SKEBS”) and the computation at
high resolution (“DNS”). “spectral” – pseudospectral scheme [152].

In the work [77] the spectral density of energy influx from the stochastic param-
eterization is chosen proportional to k0.46. Such a spectral slope corresponds to the
spectral density of the subgrid forces, as will be shown in Section 6.2 of Chapter 6. In
this appendix the stochastic parameterization has spectral power ∼ k0.46 and is chosen
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on the enstrophy inertial interval (90 ⩽ k ⩽ 180), while the energy influx from the
parameterization amounts to 30% of the strength of the external forcing ε. As follows
from Figure B.1, the parameterization excites small scales (90 ⩽ k ⩽ 180); how-
ever, on the scales of the inertial interval of the inverse energy cascade (0 ⩽ k ⩽ 90)

the changes of the energy density are insignificant. In this way we have shown that a
stochastic excitation located on the enstrophy interval near the grid scale does not allow
to restore the inverse energy cascade. In Chapter 3 it is shown that when the stochastic
excitation corresponds to the inertial interval of the inverse energy cascade, the spectral
density of energy at the large scales can be restored.
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Appendix C

Hadamard well-posedness (stability to initial data) for the negative-viscosity
parameterization

The diffusion equation with a negative diffusion coefficient is an ill-posed problem.
However, in this dissertation we use a negative viscosity coefficient only jointly with
the biharmonic viscosity. Such equations are called Kuramoto–Sivashinsky equations
[153—155]. In this appendix we shall show that the linear part of the Kuramoto–
Sivashinsky equation in the one-dimensional case is stable with respect to initial data
on a finite interval of time.

Consider on the periodic interval Ω = [0,2π) the following equation:

∂tu(x,t) = −∂xx(ν4∂xx + ν2)u(x,t), ν4 > 0, ν2 > 0. (C.1)

In Fourier space we obtain:

∂tuk(t) = k2(ν2 − ν4k2)uk(t) = λ(k)uk(t), k ∈ Z. (C.2)

The function λ(k) is bounded above:

λ(k) ⩽ ν22
4ν4

, for ν4 > 0, ν2 > 0. (C.3)

Let δu(x,0) be a perturbation of the initial data. Then the perturbation of the
solution at the time moment T in Fourier space is:

δuk(T ) = δuk(0)e
λ(k)T . (C.4)

In the L2 norm, ||u(x)||2 =
∑

k∈Z |uk|2, we have the following inequality:

||δu(x,T )||2 =
∑
k∈Z

|δuk(0)|2e2λ(k)T ⩽ exp
( ν22
2ν4

T
)
||δu(x,0)||2 → (C.5)

||δu(x,T )|| ⩽ exp
( ν22
4ν4

T
)
||δu(x,0)||, (C.6)

i.e. on an arbitrary finite interval of time the problem is stable with respect to initial
data. In turn, the diffusion equation is uniformly stable on an arbitrary interval of time,
whereas the diffusion equation with a negative diffusion coefficient is unstable on an
arbitrary interval of time.
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The characteristic time of divergence of the trajectories for the NEMO model in
the Double Gyre configuration at resolution 1/4o is:

T = 4
ν4

ν22
≈ 4

5 · 1011m4/s
10002m4/s2

≈ 23 days, (C.7)

which is comparable to the characteristic times of mesoscale eddies ≈ 30 days.
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Appendix D

Stochastic parameterization with a time autoregressive process

Herewe give amodification of the stochastic parameterization fromSection 5.2.2 taking
into account the time correlation of the stochastic tendency by means of the use of an
AR1 process, as proposed in [77]. We construct a random streamfunction:

ψ̂ (x,y,z,tn) = φ (x,y,tn) ·
√
max

(
Ėdiss,0

)
, (D.1)

where φ is grid noise white in time and space with distribution N(0,1). According to
[67], we construct a correlated stochastic tendency, ψ(x,y,z,tn), as follows:

ψ(x,y,z,tn+1) = ψ(x,y,z,tn)(1− ∆t

τ
) +

[
∆t

τ

(
2− ∆t

τ

)]1/2
αSns

(
ψ̂
)
. (D.2)

The resulting process ψ has correlation time τ. In addition, this form of writing the
AR1 process provides correlation without changing the variance, namely:〈∣∣∇⊥

hψ
∣∣2〉 = α2

〈∣∣∣∇⊥
hS

ns

(
ψ̂
)∣∣∣2〉 . (D.3)

The streamfunction ψ modifies equation (5.2) as follows:

∂Uh

∂t
= · · ·+∇⊥

hψ. (D.4)

Since the energy influx from the tendency ψ equals τ
〈∣∣∇⊥

hψ
∣∣2〉, we choose the

amplitude α so that the following equality is satisfied:

α2τ

∫ 〈∣∣∣∇⊥
hS

ns

(
ψ̂
)∣∣∣2〉 dxdydz = cdiss

∫
Ėdissdxdydz. (D.5)

As in Section 5.2.2, we use the approximation:∫ 〈∣∣∣∇⊥
hS

ns

(
ψ̂
)∣∣∣2〉 dxdydz ≈

∫ ∣∣∣∇⊥
hS

ns

(
ψ̂
)∣∣∣2dxdydz. (D.6)

Correction of the energy influx. The energy influx for the AR1 parameterization
is computed under the assumption that the stochastic tendency is not correlated with
the other right-hand sides of the equation. In practice it often turns out that the actual



123

energy influx,
〈
∇⊥

hψ · Uh

〉
, turns out to be less than the theoretical one, τ

〈∣∣∇⊥
hψ

∣∣2〉.
We have proposed an automatic amplitude-correction procedure. We leave the way of
generating the stochastic tendency described above unchanged, and modify only the
final amplitude of the tendency:

∂Uh

∂t
= · · ·+ β∇⊥

hψ, (D.7)

where β is a number greater than unity. Let us equate the integral energy influx to the
dissipation:

β

∫ 〈
∇⊥

hψ · Uh

〉
dxdydz = cdiss

∫
Ėdissdxdydz, (D.8)

then one can obtain an estimate of β as follows:

β(t) =
cdiss

∫ t

0

∫
Ėdissdxdydzdt

′∫ t

0

∫
∇⊥

hψ · Uhdxdydzdt′
. (D.9)

Here the time-averaging is performed in order to accumulate a sufficient amount of
statistics. If the estimated value of β falls outside the interval (1,3), then β is set equal
to the boundary values of this interval. For the experiment with the R4 model and the
AR1 parameterization, with ns = 6 and cdiss = 0.8, the graph of β(t) is given in
Figure D.1. It has been verified experimentally that with such a choice of β(t) the time
integral over 20 years of the incoming energy differs by approximately 1.5% from the
prescribed value, see Figure D.2. The value β = 1.17 found in this way increases the
energy influx by (1.172 − 1) · 100% ≈ 37%.
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Figure D.1—β(t) for the R4 model at cdiss = 0.8 and ns = 6.



124

0 1000 2000 3000 4000 5000 6000 7000 8000

days

0

1

2

3

4

5

d
e
v
ia

ti
o
n
 i
n
 %

Figure D.2—Deviation of the energy influx from the prescribed one in percent for the
R4 model at cdiss = 0.8 and ns = 6.
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